Difference equations — examples

Example 4. Find the solution of the difference equation.

a) unﬂ:%unﬂ, ug =1
b) Uy o —3U,q +2u, =-1, Up=1, uy=2
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C) Un+1—EUn+Un—1—gUn—2 =0, up=0,u=1u,=2

1 1
d) 6u,,.4—5U,.»+U, =0, Up=0, u=—7, UZZE’ u3:L

2

SOLUTIONS

We will use the following notations: u, - general solution, Vv, - general solution of the
homogeneous equation, v* - particular solution of the non-homogeneous equation.

Example 4. a) This is a nonlinear homogeneous equation of the first order. We represent it in a
standard form

1
unJrl_Eun =1.

. N 1 . .
Its corresponding homogeneous equation is: un+1_Eun =0. Firstly we solve this homogeneous

. . . .. . 1 . . 1
equation. We write down its characteristic equation: z 5" 0. Obviously it has a root z = > Then

. . 1\"
the general solution of the homogeneous equation has the form Vv,, = Cl(ij :

Then we need to find at least one particular solution of the given non-homogeneous
equation. As its right hand side is a constant, we are looking for a particular solution in the form:

v =d , where d is a constant. We have d —%d =1, from where d =2, i.e. one particular solution

isv =2. By properties 3°and 4° the general solution of the equation is a sum of the solutions of the
homogeneous equation plus a particular solution, or the general solution of our equation is:

n
Un :Cl(%J +2.

For n=0 from the given initial condition uy =1, by substituting it in the general solution we obtain
C, =-1. The particular solution of the problem for the assigned initial condition that we were

n
looking foris: u, = 2—(%) , which is the answer to the given problem.



b) The equation is linearly non-homogeneous of the second order. As in the previous example,
firstly we are looking for the general solution of the homogeneous equation.

Upyp —3Upyq +2U, =0.

The characteristic equation 22-32+2=0 has simple roots z; =1, z, =2. Therefore the general

solution of the homogeneous equation is v, =C; +C,2". Now we are looking for at least one
particular solution of the non-homogeneous equation. As its right hand side is -1, i.e. a constant,
first of all we try a particular solution in the form vi=d. By substitution we obtain 0=0. Next we

undertake the procedure in the form vi=dn. This time we get the equation
d(n+2)-3d(n+1)+2dn=-1. After equating in front of the same monomials we find d =1, i.e.

we have a particular solution v' =n. In accordance with properties 3° and 4°, the general solution of
the non-homogeneous equation is represented in the form: u,, =V, +V, e

u,=C; +C,2" +n.

By substitution under the assigned initial conditions we obtain the following system for C;, C2 :

C1+C2 :1

Its solutions are C; =1, C, =0. Therefore the solution of the problemis u, =1+n.

¢) The equation is linearly homogeneous of the third order. Its characteristic equation is

23—Ezz+z—l:0.
6 6

By using Horner’s method, by expansion, through the Mathematica system or in another way we
1

find its roots z; =1, z, =§, Z3 =%, which are simple. Therefore the general solution of the given

equation has the form:
1Y 1\"
V,=C+Cy| = | +C5| = | .
=GvCa3) +65 3]

By substitution of the assigned initial conditions for n=0,1,2 we get the following system for
determining the constants C;, C,, C3:

1 1
C+=C,+=C5=1.
1T 52T o

1 1
C+-C,+=-C3=2
1T 72T g3




Its solution is: C; =%, C,=-80C3= %

n n
Answer: U, =-8 [%} + % (%j +g.

Note. We submit the corresponding calculations by means of the system Mathematica:

Z=.

11 1
3 2 _
Solve[z - Fz +Z_5"0' z]

({22 3) 223} 2on)

Clear[cl, c2, c3]

Solve[{cl+02+c3== 0, cl+%02+%03 =1, Cl+%02+%03 =2

}, (cl, c2, C3}]

Hcle ; c2- -8, cC3- g}}

d) The equation is homogeneous. Its characteristic equation is the biquadratic equation

] . 1 1 1 1
62 —522+1=0 , which has four simple roots z, =——, z, = ———, Z,=—, Z,=———_. Then the
p 1 \/E 2 \/E 3 \/é 4 \/§

general solution of the difference equation has the form:

1 n 1 n [ 1 jn ( 1 Jn
u,=CG |—=1| +C | —F—=| +C3|—=| +C4 | —| .
=6l g) e ) o) el
Hence for n=0,1,2,3 and from the given initial conditions we obtain the system with respect of the
constants C;, C,, C5, Cy:

C1+ C2 + C3+ C4:0

1 1 1 1 1
——C———=Cy+—=Cy——=Cy =——
N RN RN - RN RN
1 1 1 1 1
—C+ =C+ =C3+ =Cy=—
2 17 2727 3737 374

1 1 1

1 1
Ci——=Cp+—=Cym—=Cy=—r .
2271 22 7 3370 33T 22

Its solutions are: C; =2, C, =1 Cjs= —g, C,= —%.



Answer: u, =2 (ijn J{—ijn _3 [i]n 3 (_ijn
" W2 V2) 2\{3) 20 3~
Note. We submit the corresponding calculations for solving the system by means of Mathematica:

SO|V€[{C1+ c2+c3+c4 =0,

! cl- ! c2 + ! c3 - ! c4 = 1 ,
V2 2 V3 V3 V2
1 1 1 1 1
—cl+=C2+ = —cd= =
2C+2C +3c3+3c 5

L cl- L c2 + ! c3 - L c4==_}, {cl,cZ,c3,c4}]
22 2472 3V3 343 22

{{cl»Z, c2-51,c3- 72, c4 - é}}
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