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Method of consecutive iterations for solving nonlinear algebraic

equations

The equation f(x)=0 is transformed into the equivalent one: x=g(x). If
the function ¢(x) is such that for every xe[a,b] the inequality |p'(x)|<q<1 is
fulfilled then the iteration process

Xne1 =@(Xy), Nn=0,1,2,...

Is convergent towards the root of the equation f(x)=0 for every initial xy € (a,b)

and the following evaluation is also valid
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If f' has a constant sign (for example f'>0 otherwise we consider the equation
—~f(x)=0) and 0<m; < f'(x) <My for vxela,b], then the function ¢(x) =x- f'(x)/M;

guarantees convergence at the rate of a geometric progression with quotient

my
=1-—<1.
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Example. Construct a convergent iteration process using the method of consecutive
approximations (MCA) to find a real root for the equation x° +x—12=0. Find x5 (third

iteration) using the constructed method, assuming as initial approximation the middle
of the chosen interval and evaluate the error. How many iterations would guarantee an

accuracy of 107 for the same initial approximation?
Solution:
Obviously the root of the equation is a positive number (why?). We enter the

function f(x)=x3+x-12 into a table for positive whole numbers.

X 1 2 3
f(x) | -10 | 2 | 18




This way we localize the root in the interval [2; 3]. In order to get a convergent

iteration process we solve the equation with regard to x from x°:

x=12-x)Y23; p(x) = (@12-x%3. In order to prove the convergence we calculate:
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9'(X) = éaz —x23 (1) =

‘z ! =0,077~ 0,08,
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I.e. the iteration process x,,; =312 -x, would be convergent at the rate of a geometric

max|e'(X)
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progression with quotient q = 0,08 for every choice of the initial guess xq [23].
In order to evaluate the error of the third approximation we first calculate x;
when xg =25, x =(12-25)'3 =2117912.

0,083
1-0,08

Then ‘X*—XS‘S 2117912 -2,5/=0,00021...; or the error of the third

approximation would be around 0,0002 and is sufficient to carry out the intermediate
calculations up to the fourth digit after the decimal comma. The calculations are given

in the following table:

n Xn @(Xn)
0 25 2,1179
1 2,1179 2,1459
2 2,1459 2,1439
3 2,1439

Answer: X ~x3=21439~2144,

We can note that in this case the consecutive approximations oscillate around the
root of the equation (their sequence is not monotonous) and for the evaluation of the

error we can use the “property of the middle”. This is due to the fact that ¢'(x) <0 for

vxel23].



In order to evaluate the number of iterations needed to guarantee an accuracy of

10°, we solve in regard to n the following inequality:

n -6
008" 1y 117912 25/<107® or 0,08" < 29210
1-0,08 0,382088
0,92.107° . L
from where n> Iogm/ log0,08=5122, i.e. by the sixth iteration we would

have a guaranteed accuracy of 10°.

Note. When solving the inequality above, we took its logarithm without specifying the
base, i.e. we can use In, Ig, log, depending on the available possibilities. The inequality
changes its direction after its division by log 0,08 because 10g0,08<0 for a random base
>1.
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