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LINES ON COMPLETE INTERSECTION OF TWO QUADRICS IN P*
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Abstract. In this paper we investigate a complete intersection of two quadrics in the projective
4-space over an algebraically closed field. This quartic surface contains one singular line. We
determine all the lines on these surfaces and the arrangement of these lines.
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1 Introduction

In the paper [2] there is the classification of all irreducible non-normal complete intersections of two
quadrics that are not cones. Let P be the projective r-space over an algebraically closed field K of
arbitrary characteristic. The authors of [2] proved the next theorem.

Theorem 1.1 Let X C P} be a complete intersection defined by two quadrics ()1 and Q3 in S =
Klzo,...,z,). Suppose that X is irreducible, non-normal and not a cone.
If char K # 2, then X is transformed into one of the following projectively non-equivalent cases:

(D rzSandlexg—i—xle:O, ngm§+x0x220

(2) r=3and Qy : 23+ 1103 =0, Qo : T2 + 212 + 2923 =0
B)r=4and Qy : 2t + 11205 =0, Q3 : 22 + T914 = 0

4 r:4andQ1:x%+x1m2:O, Qs : x123+ 20104 =0

(5) r=4and Qy : 23+ 1109 =0, Qo : T3 + 214 + Tox3 =10
6) T=5and Qy : 2t + 1115 =0, Qs : T4 + T175 + Tox3 = 0.

If char K = 2, then X is transformed into one of the cases (1), ..., (6) and in addition:

(7) rzBandlea:quxlmQ:O, Qs : 22 + 2wy + Tow3 =0
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®) r=4dand Qy : 23+ 1100 =0, Qo : T3 + Tox4 + To23 =0

9) r=4and Qy : 2 + 1175 + 19T = 0, Qo : 174 + Tox3 = 0.

We were motivated by this results. In this paper we specialize in the cases (3), (4), (5) from Theorem
1.1. We work in the projective 4-space P¢ over the complex numbers C. The intersection of two
quadrics @1, @, (hypersurfaces of 2°¢ degree) is a quartic surface X = @Q; N Q, (surface of 4
degree).

Letr = 4, X C P} be as in Theorem 1.1 and Sing(X) is a set of singular points of X = Q; N Qs.
Then Sing(.X) is a line and the following is true (see [2]):

() fQ : 22+ 2125 =0, Qy: 23 + x9x4 = 0 then Sing(X) : 7y = T9 = z3 = 0.
(4) If Ql : .T% + X129 = O, QQ X113 + Toky = 0 then Slng(X) LX) =1 =T = 0.

(5) fQ : 22 + 2115 =0, Qy: 23 + 2ow4 + o753 = 0 then Sing(X) : o = 11 = 9 = 0.

The 3" author (P. Schenzel) of [2] asked if there are more lines on X than Sing(X). By using two
different methods we determined the lines on some cubic and quartic surfaces in P* (see [3] and [3]).
Here we want to apply one of these methods to add some properties of surfaces X given in the paper
[2]. In this article we study the number of lines on X and the arrangement of these lines. The main
result is in the following theorem.

Theorem 1.2 (Main Theorem) Let X C Pj- be as in Theorem 1.1. Then for X = Q1 N Qs it holds

a) If Q1 : x% + 2119 =0, Qo : x% + xowy = 0 then X contains the line Sing(X) given by points
(0,1,0,0,0),(0,0,0,0,1) and no more lines.

b) If Q; : m% + 2129 =0, Qo : 123 + 24 = 0 then X contains infinitely many lines:

— the singular line Sing(X) given by points (0,0,0,1,0),(0,0,0,0,1),

— two lines given by points (0, 1,0,0,0),(0,0,0,0,1) and (0,0, 1,0,0), (0,0,0,1,0) which
intersect the singular line,

— the family of lines m(u,v) given by points (0,0, 0, u* v?), (—uv, —v* u?,0,0), u,v # 0.
Every line from this family intersects the singular line and every two lines m(u,v) and
m(—u,v) given by (u,v) and (—u, v) have a common point on the singular line. The lines
of this family have no other common point.

c) IfQy: x% + 2129 =0, Qo : x% + xgx4 + x2x3 = 0 then X contains infinitely many lines:

— the singular line Sing(X) given by points (0,0,0,1,0),(0,0,0,0,1),

— the family of lines n(u,v) given by points (0,0,0,u,v), (—uv?, —u?v,v3,0,u?), v # 0.
Every line from this family intersects the singular line and any two lines of this family are
skew - they have no common point.

We use the Pliicker coordinates of the lines to prove this theorem (see also [1] and [4]).
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2 Pliicker coordinates of the lines

Definition 2.1 Let the line | C P* is given by points (z), (y), with (z) = (xg, 21, T, 13, 274), (y) =
(Yo, Y1, Y2, Y3, Ya). Then the Pliicker coordinates of the line | are (po1, Po2, Po3, Poa, P12, P13, D14, P23, D24, D34)s
where

pij =z — vy (0 <i<j<A4).

By means of the Pliicker coordinates we map the lines of P* to the points of PY. Every line [ C P*
determines a point (p;;) € PY. Note that not every point (p;;) € P determines a line in P*.

Proposition 2.2 The point (p;;) = (Po1, Po2, Po3s Poa, P12; P13, P14, P23, P24, P34) Of P? corresponds to
a line of P* if it holds
Po1P23 — Po2P13 + Pozp12 = 0
Po1P24 — Po2P14 + Poapiz = 0
Po1P34 — Po3P14 + Poap1z = 0 (D
P02P34 — Po3P24 + Poap2z = 0
P12P34 — P13P24 + P1ap23 = 0.

Proof. Let I = (z)(y), (z) = (xo, 71, T2, 23, 74), (¥) = (Yo, Y1, Y2, Y3, ys) be a line of PL. For the
matrix

g 1 T2 XT3 X4

Yo Y1 Y2 Y3 VYa

Top T1 T2 T3z T4

Yo Y1 Y2 Ys Ya
all the determinants 4 x 4 are equal to zero. These 5 determinants can be simplified to the equations
(1). m

Remark 2.3 The points (p;;) € PY, which coordinates satisfy conditions (1), are lying on the inter-
section of 5 hypesurfaces of 2" degree in P°.

We can determine the arrangement of two lines from the Pliicker coordinates of these lines.

Proposition 2.4 Let (p;;), (qi;) be the Pliicker coordinates of two lines p, q of P*. The lines p, q are
intersecting lines if and only if their Pliicker coordinates satisfy the following conditions:

Po1G23 — Po213 + Po3qi2 + P12qos — P13Go2 + P23dor = 0
Po1G24 — Po2q14 + Poaqi2 + P12qos — P14Go2 + P2agor = 0
Po1G34 — Po3q14 + Po4q13 + P13gos — P149o3 + P3agor = 0 ()
P02434 — Po3q4 + P04q23 + P23dos — P24G03 + P3aqoz = 0
P12434 — P13G24 + P14Go3 + P23G1a — P24G13 + p3aqiz = 0.

Proof. Letp = AB, q = C'D be two lines with A = (ao,al,aQ,ag,cu),B = (bo,bl,bg,bg,b4),
C= (00,61,62,03704), D = (do,dl,dgjdg,dzl) and M is 4 x 5 matrix

ap @1 Gz Gz Q4
bo b1 by b3 by
Ch C1 Co C3 C4

dy dv dy ds d,

M=
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The lines p, q are

e identical lines if rank(M) = 2
e intersecting lines if rank(M) = 3

e skew lines if rank(M) = 4.

The lines p, ¢ are intersecting lines if and only if rank(M) = 3, i. e. determinant of every 4 x 4
matrix is equal to zero. There are 5 determinants of 4 x 4 matrix. If we substitute p;; = a;b; — b;a;
and ¢;; = ¢;d; — dic; (0<i<j< 4) into these determinants we get the equations (2). =

Now we are going to describe an algorithm for computing all the lines on a hypersurface. We use the
Pliicker coordinates of the lines.

Proposition 2.5 Let | C P* be a line with the Pliicker coordinates (p;;) and Q(F) C P* be a
hypersurface with the defining polynom F. The condition for a line [ to lie on Q(F') can be expressed
by algebraic equations with p;; and coefficients of the polynom I

Proof. We will follow [4], § 6, section 4. Let (z), (y) be two different points of the line [. For an
arbitrary point (u) of the line [ we have

(u) = (2)f(y) — () f(x),

4
where f is a linear form with the coefficients ag, aq, as, as, ay,i. e. f(x) = > a;x; and f(y) =
=0

4

> ;. For the coordinates of (u) € [ we get
i=0

4
up = Zajpija with pi; = @y; — yizy,

§=0
Ug 0 Po1 DPo2 Po3 Do Qp
(1 —por O P12 P13 D4 ay
and therefore Usy = —Po2  —P12 0 Dog Do 9
us —Pos —P13 —DP23 0 pa a3
Ug —Pos —Pa —Pu —pu 0 Qly

By substituting this into the defining equation F' = 0 of the hypersurface Q(F') we get the equation
F(ug,uy,us,u3,ug) = F(c;) = 0. The line [ is on the hypersurface Q(F') if and only if all the
coefficients of monoms in «; are zero. Thus we get a system of equations in p;;. By solving this
system of equations we get the Pliicker coordinates of all lines on the hypersurface Q(F'). =

Remark 2.6 For a quadric hypersurface in P* we get 15 equations of 2°® degree. To find all the lines
on an intersection of two quadrics we have to solve a system of 30 equations of 2" degree. Though it
seems too difficult, one can be able in some situations to find the solutions "manually" since many of
the coefficients equals to zero and the system becomes to be much simplier one (see e.g. Example 2
in [5] or the proof of the part a) of Theorem 1.2 in this paper). In case of more complicated systems
we can use computer algebra software to solve this system (e.g. Singular or Reduce and Cali).
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3 Proof of the Main Theorem 1.2

Now we are going to prove Theorem 1.2, the main result of the paper. We apply the algorithm from
Proposition 2.5 to find all the lines on the quartic surfaces X = )1 N (J2. Then we determine the
arrangement of these lines.

Proof. Let X C P/, be a complete intersection defined by two quadrics @, and @ in the projective
4-space ¢, over the complex numbers C'.

a) @ : mg+x1m2 =0, Qs : ZE§+$’25E4:O
We substitute u;, ¢ = 0,...,4 from the proof of Proposition 2.5 into the defining equations of
(21 and (),. For the line lying on the hypersurface it holds that all the coefficients of monoms
in «; are zero:

Q1: por=po2=p12=0 Q2: p3=pu=p3u=0
Do + P1apes =0 pls + prapia =0
2po3Pos + P13D24 + prapes =0 2po3p13 + Po2p14 + Poap12 = 0
Poa + prapas =0 Pgs + Po2pos =0

From this conditions we can calculate the lines on X = ); N Q). One can see that all p;; vanish
(equals to zero) except of py4, so there is only one solution of this system of equations:

(0,0,0,0,0,0,1,0,0,0).

These are the Pliicker coordinates of the singular line Sing(X ') on X. It is given as intersection
of three hyperplanes zy = x5 = x3 = 0 or by two points (0, 1,0, 0,0), (0,0,0,0,1) in P*.

b) Qi :xf+ x129 =0, Qq: ¥123 + Toxy = 0
The system of equations from Proposition 2.5 is

Po1 = Po2 = p12 =0 P13P14 + prap2a =0
Pos + piap2s =0 P13p23 + pazpas = 0
2po3pos + P13P24 + Prapes = 0 p1ap2s +p3 =0
Piy + prapas =0 P23p3s = 0

Po3pP13 + Poapz = 0 P13P34 — P2ap3a = 0
Po3P14 + Poap2a = 0 P1ap3s = 0

Py + prapaz =0

Solutions of this system give us the Pliicker coordinates of all lines on X. Here are the results:

r:(0,0,0,0,0,0,0,0,0,1),
m : (0,0, udv, uv3, 0, u*v? vt —ut, —u?v?,0), with (u,v) # (0,0).

— The line r with Pliicker coordinates (0,0, 0,0,0,0,0,0,0, 1) is a singular line Sing(X). It
is given by equations 2y = x; = x5 = 0 or by two points (0, 0,0, 1,0), (0,0,0,0, 1).

— The Pliicker coordinates (0,0, u3v, uv®, 0, u?v?, v*, —u?, —u?v?,0), with (u,v) # (0,0),
determine lines m(u,v) given by two points (0,0, 0, u?, v?), (—uv, —v?,u?,0,0).

So there are infinitely many lines on X = ()1 N Q.
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Now we want to find the arrangement of these lines. It is clear that all of the lines m(u,v)
intersect the line r in the point (0,0, 0, u?, v?). The equations (2) are satisfied for the Pliicker
coordinates of the lines  and m.

Two lines m given by (u,v) and (u,v;) intersect if and only if the equations (2) are satisfied.
So we get the following equations

—udvv} + uvdudv? + uotugvd — vtudv =0
wdvuiv? — uvdu] — utugvd + vPo?udv, =0

2u?v?uiv —vtu] — utv! =0

and from this system we have the arrangement of these lines.
— For u = 0 we have the line with Pliicker coordinates
(0,0,0,0,0,0,1,0,0,0)
that does not intersect any line m(u,v). This line is given by two points (0, 1,0,0,0),

(0,0,0,0,1).

— For v = 0 we have the line with Pliicker coordinates
(0,0,0,0,0,0,0,1,0,0)

that does not intersect any line m(u,v). This line is given by two points (0,0, 1,0,0),
(0,0,0,1,0).

— For u # 0, v # 0 the line m(u,v) intersects only the line m(—w,v) in the point
(0,0,0,u?, v?) on the line r = Sing(X). These intersecting lines can be given by two
points

m(u,v): (0,0,0,u? v?), (—uv,—v? u?0,0)
m(—u,v): (0,0,0,u? v?), (uv, —v? u? 0,0).

We got the following result: For the points A € Sing(X) it holds that there are two lines
different from Sing(X) through every point A and lying on X except the points (0,0, 0, 1,0)
and (0,0, 0,0, 1). For each of these two points there is exactly one line different from Sing(X)
through them and lying on X (see Fig. 1).

(0,0,0,u2,12)/ (0,0,0,1,0) (0,0,0,0,1)

Sing(X)

m(-u,v) (090317090) (091303090)
m(u,v)

Fig. 1. The arrangement of lines on X = Q1 N @, u,v # 0.

Remark 3.1 The lines which do not meet in the Figure are mutually skew.
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¢) Qi: 12+ 1T =0, Qo : 2% + w4 + ToT3 =0
We get the Pliicker coordinates of all the lines on X = @)1 N () from the following system of
equations (see Proposition 2.5)

Po1 = Poz = p12 =0 Poap14 + p13p2a = 0

Pos + Pisp2s =0 P33 + Pospas =0

2po3pos + P13P2a + P1ap23z = 0 PoaP24 + Paspas = 0

Poa + Prapas =0 pls — Pospsa =0

Po3Poa + Pozpaz =0 2p13P14 — PoaP3s + P23p3s = 0
Pey + Pospaa =0 Py + poapsa =0

Po3P1a + p13pas = 0

and the solution is
n : (0,0, u*v? w?, 0, v, u?v?, —uw®, —v*, u*), with (u,v) # (0,0).
These Pliicker coordinates determine infinitely many lines given by two points
n(u,v) : (0,0,0,u,v), (—uv?, —uv,v®,0,u?).

For v = 0 we get the singular line which is given by equations o = z; = x5 = 0 or by two
points (0,0,0,1,0), (0,0,0,0,1).
We get the arrangement of these lines from the equations (2) for two lines n given by (u, v) and
(Ul, 01)1

—2utv*uiv? + wodudv + wdvugvd =0

u?v*v] — 2uvdug v} + viude =0
wdvv} — u?v?ugv? — woduivd + vtudv; = 0.
From these conditions we have that the singular line (0,0,0,0,0,0,0,0,0, 1) intersects eve-
ry line (0,0, v*v? uv?, 0, v, v?v?, —uv?, —v* u?) with v # 0. The point of intersection is
(0,0,0,u,v).
We got the following result: For the points A € Sing(X) it holds that there is exactly one line
different from Sing(X) through every point A and lying on X except the point (0,0,0,1,0).

For the point (0,0, 0, 1,0) there is no line on X different from Sing(X') through this point (see
Fig. 2).

(0,0,0,u,v) \ (0,0,0,1,0) (0,0,0,0,1)

Sing(X)

(0,0,1,0,0)

n(u,v)

Fig. 2. The arrangement of lines on X = Q1 N Q, u, v # 0.
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4 Conclusion

We determined some properties of complete intersections of two quadrics in P* over an algebraically
closed field which can be taken as an addition to the results of the paper [2]. We applied the method
which uses the Pliicker coordinates of the lines. This method is universal but sometimes complicated
calculation requires to use some algebra software.

References

[1] HODGE, W. V. D., PEDOE, D.: Methods of Algebraic Geometry. Cambridge University Press,
1952.

[2] LEE, W., PARK, E., SCHENZEL, P.: On the classification of non-normal complete intersections
of two quadrics. Journal of Pure and Applied Algebra, Volume 216, Issue 5, 2012, pp. 1222-1234.

[3] SOLCAN, S., TERENOVA, Z.: On some quartic surfaces with triple lines. In Beitrige zur Al-
gebra und Geometrie / Contributions to Algebra and Geometry. Volume 52, Issue 2, 2011, pp.
285-296.

[4] SAFAREVIC, 1. R.: Osnovy algebrai¢eskoj geometrii. Nauka, Moskva, 1972.

[5] TERENOVA, Z., SOLCAN, S.: Computing the lines on quartics. In Aplimat 2007, Part I: 6"
International Conference, Bratislava, 2007, pp. 251-260.

Current address

Terenova Zuzana, RNDr., PhD.

Department of Mathematics and Descriptive Geometry
Faculty of Civil Engineering

Slovak University of Technology in Bratislava
Radlinského 11, 810 05 Bratislava, Slovak Republic
E-mail: zuzana.terenova@stuba.sk

1006





