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Abstract. The crossing number cr(G) of a graph G is the minimal number of edge crossings
over all drawings of GG in the plane. In the paper, we extend known results concerning
crossing numbers for join of graphs of order six. We give the crossing number of the join
product G + D,,, where the graph G consists of one 4-cycle and two leaves, and D,, consists
on n isolated vertices. The proof is done with the help of software that generates all cyclic
permutations for a given number k, and creates a graph for a calculating the distances between
all (k — 1)! vertices of the graph. Finally, by adding some edges to the graph GG, we are able to
obtain the crossing numbers of the join product with the discrete graph D,, for other graphs.
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1 Introduction

Let G be a simple graph with the vertex set V' and the edge set £. A drawing of the graph G
is a representation of G in the plane such that its vertices are represented by distinct points and
its edges by simple continuous arcs connecting the corresponding point pairs. In such a drawing,
the intersection of the interiors of the arcs is called a crossing. A drawing is good if each two edges
have at most one point in common, which is either a common end-vertex or a crossing. Moreover,
no three edges cross in a point. It is easy to see that a drawing with minimum number of crossings
(an optimal drawing) is always a good drawing. The crossing number cr(G) of a simple graph G is
defined as the minimum possible number of edge crossings in a good drawing of G in the plane. Let
G and G be simple graphs with vertex sets V' (G;) and V(G2) and edge sets E(G;) and E(Gs),
respectively. The join product of two graphs G; and G5, denoted by GGy + G5, is obtained from the
vertex-disjoint copies of G; and G5 by adding all edges between V' (G1) and V (G3). For |V (G1)| = m
and |V (Gs)| = n, the edge set of G; + G5 is the union of disjoint edge sets of the graphs G, Go,
and the complete bipartite graph K, ,,. Let D (D(G)) be a good drawing of the graph G. We denote
the number of crossings in D by crp(G).
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Let GG; and GG be edge-disjoint subgraphs of G. We denote the number of crossings between edges of
G and edges of G by crp (G, G;), and the number of crossings among edges of G; in D by crp(G;).
In the paper, some proofs are based on the Kleitman’s result on crossing numbers of the complete
bipartite graphs [12]. More precisely, he proved that

ko= (2|75 [3][25).  mintnn <.

2 The crossing number of G + D,

C)) (b)
Fig. 1. Drawing of the graph GG with the vertex notation and the graph G + D;.

In the paper, we extent these results [4], [6], [7], [9], [10], [11] for another four graphs. Let GG be
the graph consisting of one 4-cycle and of two leaves. We consider the join product of G with the
discrete graph on n vertices denoted by D,,. The graph G + D,, consists of one copy of the graph ¢
and of n vertices ty, to, ..., t,, where any vertex ¢;,, + = 1,2, ..., n, is adjacent to every vertex of G.
Let 7%, 1 < i < n, denote the subgraph induced by the six edges incident with the vertex ¢;. Thus,
T'U---UT"is isomorphic with the complete bipartite graph K ,, and

G+Dn:GuK6,n:Gu<UTi>. (1)

i=1

2.1 Cyclic permutations and configurations

Let D be a good drawing of the graph G' + D,,. The rotation rotp(t;) of a vertex ¢; in the drawing D
is the cyclic permutation that records the (cyclic) counter-clockwise order in which the edges leave ¢;,
see [3]. We emphasize that a rotation is a cyclic permutation. Hence, for ¢,5 € {1,2,...,n}, i # 7,
every subgraph 7% U TV of the graph G + D,, is isomorphic with the graph Kg 5. In the paper, we will
deal with the minimum necessary number of crossings between the edges of 7" and the edges of 77
in a subgraph 7% U T” induced by the drawing D of the graph GG + D,, depending on the rotations
rotp(t;) and rotp(t;).

Let D be a good drawing of the graph Kg,,. Woodall [13] proved that in the subdrawing of 7% U T =
Kg o induced by D, crp(T%,T7) > 6 if rotp(t;) = rotp(t;). Moreover, if Q(rotp(t;),rotp(t;))
denotes the minimum number of interchanges of adjacent elements of rotp(t;) required to produce
the inverse cyclic permutation of rotp (¢;), then Q(rotp(t;), rotp(t;)) < crp(T%, T7). We will separate
the subgraphs 7%, i = 1,...,n, of the graph G + D,, into three subsets depending on haw many
the considered T crosses the edges of G in D. Fori = 1,2,...,n,let Rp = {T" : crp(G,T") = 0}
and Sp = {T" : crp(G,T") = 1}. Every other subgraph T" crosses G at least twice in D. Moreover,
let F* denote the subgraph G U T" for T* € Rp, where i € {1,...,n}. Thus, for a given drawing of
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| Name Cyclic perm. || Name Cyclic perm. || Name Cyclic perm. || Name  Cyclic perm. ||

Pr— (123456) || P53 — (123645) | Psu— (125634) || Pph— (145623)
Po—  (132456) || Pso— (132645) || Fee— (152634) || Pp— (154623)
P;s— (124356) || Pss— (126345) | Fss— (126534) || P)s— (146523)
Pr— (142356) || Psy— (162345) | Pu— (162534) || Pu— (164523)
Ps—  (134256) || Pss— (136245) | Pess — (156234) | Pps— (156423)
Ps— (143256) || Pss— (163245) | Pse — (165234) || P — (165423)
Pr— (123546) || Ps7— (124635) | Fsr— (135624) || Py — (134562)
Ps— (132546) || Pss— (142635) | Fss— (153624) || Pigs— (143562)
Py— (125346) || Psg— (126435) | Foo— (136524) || Ppg— (135462)
Poy— (152346) || Pjo— (162435) || Prp— (163524) || Pjgo— (153462)
Pi— (135246) || Pn— (146235) | Pn— (156324) | PLpun— (145362)
Po— (153246) || Po— (164235) || Po— (165324) | Phpe— (154362)
Ps— (124536) || Pis— (134625) | Prs— (124563) | Plps— (134652)
Py— (142536) || Puy— (143625) || Py— (142563) | PLu— (143652)
Pis — (125436) | Pys — (136425) || Prs— (125463) || Pips— (136452)
Peg— (152436) || Pis— (163425) | Pg— (152463) | Pros — (163452)
Pr— (145236) | Pir— (146325) | Pr— (145263) | Por— (146352)
Pg— (154236) || Pis— (164325) || Prg— (154263) || Plos— (164352)
Pg— (134526) || Po— (123564) || Pg— (124653) || Plpg— (135642)
Py — (143526) || Pso— (132564) || Psg— (142653) || Plip— (153642)
Poy — (135426) || P51 — (125364) || Psus— (126453) | Piu— (136542)
Py — (153426) || Pso— (152364) || Pso— (162453) | Phio— (163542)
Pos — (145326) || Pss— (135264) | Pss— (146253) | Pus— (156342)
Poy— (154326) || Psy— (153264) || Psy— (164253) | Pliu— (165342)
Poys; — (123465) || Pss — (123654) | Pss— (125643) | Pis— (145632)
Poys— (132465) || Pssg - (132654) || Pse— (152643) | Prig— (154632)
Py — (124365) || 57— (126354) | Psv— (126543) | Pur— (146532)
Pog— (142365) || Pss— (162354) | Pss— (162543) | Pus— (164532)
Py — (134265) || Psg— (136254) || Psg— (156243) | Pig— (156432)
Pyy— (143265) || Fsop— (163254) || Ppop— (165243) || Pop— (165432)

Tab. 1. Names of Cyclic Permutations of 6-elements set.

G, any F' is exactly represented by rotp(¢;). All cyclic permutations of six elements can be generated
by the algorithm [2], and they are collected in Tab. 1.

We will dealt with only drawings of the graph G with a possibility of an existence of a subgraph
T; € Rp because of arguments in the proof of the main Theorem 1. Assume a good drawing D
of the graph G + D,, in which the edges of GG does not cross each other. In this case, without loss
of generality, we can choose the vertex notations of the graph in such a way as shown in Fig. 1(a).
It is easy to see that, in D, there are only four different possible configurations of £ summarized
in Tab. 2. In the rest of the paper, each cyclic permutation will be represented by the permutation
with 1 in the first position. As for our considerations does not play role which of the regions is
unbounded, assume the drawings shown in Figure 2. In a fixed drawing of the graph G + D,,, some
configurations from the set M = {A4;, Ay, A3, A4} do not must appear. We denote by M p, the set of
all configurations that exist in the drawing D belonging to M.
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A, A, A, A,

Fig. 2. Drawings of four possible configurations of graph F* with the vertices
of GG denoted as in Fig. 1(a).

Ay < (125643) | A, : (132546)
As - (125463) | Ay - (132564)

Tab. 2. Configurations of graph £ with the vertices of G denoted as in Fig. 1(a).

L[ A A | As | A

Ay 6] 4, 5] 5
A, 41 6 5| 5
As 5/ 5| 6| 5
Ay 5| 5] 5| 6

Tab. 3. Lower-bounds of numbers of crossings for two configurations from M.

Let X, Y be the configurations from M p. We shortly denote by crp(X,Y) the number of crossings
in D between 1" and TV for different 7%, 77 € Rp such that F*, [/ have configurations X, Y, re-
spectively. Finally, let cr(X,Y) = min{crp(X,Y)} over all good drawings of the graph G + D,,.
In the next statements we are able to use the possibilities of the algorithm of the cyclic permuta-
tions of 6-elements set, see [2]. By P, we will understand the inverse cyclic permutation to the
permutation P, for ¢ = 1,...,120. Woodall [13] defined the cyclic-ordered graph COG with the
set of vertices V' = { Py, P,, ..., P2}, and with the set of edges F, where two vertices are joined
by the edge if the vertices correspond to the permutations F; and P;, which are formed by the ex-
change of exactly two adjacent elements of the 6-tuple (i. e. an ordered set with 6 elements). Hence,
if dooc("rotp(t;)”,"rotp(t;)”) denotes the distance between two vertices correspond to the cyclic
permutations rotp (¢;) and rotp(¢;) in the graph COG, then

deoc("rotp(t;)”, "rotp(t;)”) = Q(rotp(t;), rotp(t;)) < crp(T7,T7)

for any two different subgraphs 7" and T7. The configurations A; and Aj are represented by the cyclic
permutations Pss = (125643) and Py = (132546), respectively. Using Py = (164523) = Py,
and deoc(” Pss”,” Poy”) = 4 we obtain cr(A;, A2) > 4. The same reason gives cr(A;, A3) > 5,
cr(Ay, Ay) > 5, cr(Ag, A3) > b, cr(As, Ay) > 5 and cr(As, Ay) > 4. Moreover, by a discussion
of possible subdrawings, we can verify that cr(As, Ay) > 5. Clearly, also cr(Ag, Ax) > 6 holds
for any £ = 1,...,4. Thus, all lower-bounds of number of crossing of configurations from M are

summarized in Tab. 3.
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2.2 Main results

Lemma 1 Let D be a good drawing of G + D,,, n > 2, in which crp(T*,T?) # 0 for any different
subgraphs T" and T’. Let 2|Rp|+ |Sp| > 2n —2 EJ and let T", T"' € Rp be different subgraphs
with crp(T™ UT™ 1) > 4. If both conditions

crp(GUTTUT T > 10 forany T" € Rp \ {T™, T" '}, (2)
cap(GUTUT 1T > 7 forany T" € Sp 3)

hold, then there are at least 6 L%J L”T_lJ + 2 {%J crossings in D.

Proof. We denote by r = |Rp| and s = |Sp|. By the assumption of lemma, any 7% ¢ Rp U Sp
satisfies the condition crp(G U T™ U T™ 1 T%) > 4, and the number of 7" that cross the graph G
at least two times is equal to n — r — s. By fixing of the graph G U T™ U T"~! we have

crp(G+ D,,) = crp(Kep2) + crp(Kgpn o, GUT"UT ) + erp(GUTUT™ ) >

) -3 -2 -3
26{712 JVLQ J+10(7’—2)+7s+4(n—r—s)+4:GVL2 JVLQ J+67‘+35+4n—162
n—211n-—3 n ni|n—1 n
> on—2| 2] +1) +an—16> 6| ||| +2| 2],
> 6| = | |55 +3(2n—2|F] +1) +am— 162 6| 5| | F5— | + 2[5
This completes the proof. U

Lemma 2 Let D be a good drawing of G+ D,, with the vertex notations of the graph G as in Fig. 1(a),
n > 2. If T™ € Rp such that F" has configuration A; € Mp, fori = 1,3, 4, then

crp(T™, TF) >3 forany T* € Sp. 4

Proof. Let, in D, the graph F™ has configuration A,. If 7% € Sp with crp(T™,T%) = 2, then
the vertex ¢, must be placed in a region with at least three vertices of GG on its boundary, see Fig. 2.
Since T% € Sp, the vertex t; cannot be placed in the region bounded by 4-cycle of the graph G.
Moreover, if t;, is placed in another regions, then crp(F™, T*) > 3. The same idea can be used for
configurations A3 and A,. This completes the proof. O

Remark that the property (4) is not true for configuration A,, see the proof of the following statement.

Collorary 1 Let D be a good drawing of G + D,, with the vertex notations of the graph G as in
Fig. 1(a), n > 2, in which crp (T, T7) # 0 for any different subgraphs T and T?. If T",T"* € Rp
such that F™, F"~1 have configurations A,, As, respectively, then

cap(GUT"UT ! TF > 7 forany T* € Sp. (5)

Proof. Let, in D, the graphs I, F"~! have configurations A;, A,, respectively. The configurations
A; and A are represented by the cyclic permutations Pgs = (125643) and Py = (132546), respec-
tively.
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e If there is a subgraph T* € Sp with crp(T"1,T%) = 2, then the vertex ¢, must be placed
in the region with four vertices of G and one vertex ¢,,_; on its boundary, see Fig. 2. Thus,

the graph F'* = G U T* can be represented only by two possible cyclic permutations Py, =
(126453) and Py = (156423). By the above mentioned algorithm we have

dooc(" Pae”, " Pss”) = dcoc(" Foo”, " Pss”) = 4,

where Py, = (135462) = Py and Py; = (132465) = P,s. By the properties of the cyclic
permutations we have crp (7", T*) > 4. Thus, crp(GUT"UT" L TF) > 1+4+2=7.

o Ifcrp(T™1,T%) > 3 for any subgraph T* € Sp, then crp(GUT"UT" 1 T*) > 14+3+3 =T7.

O

Proof. In Fig. 3 there are the drawings of G + D,, with 6 EJ VTAJ + 2 L%J crossings. Thus,

cr(G+ D,) <6 L%J L”T_lJ +2 {%J . We prove the reverse inequality by induction on n. The graph

G + Dy is planar, hence cr(G + D;) = 0. It is clear from Fig. 1(b) that cr(G + D3) < 2. The graph
G + D, contains a subdivision of K34, and therefore cr(G + Ds) > 2. So, cr(G + Ds) = 2 and
the result is true forn = 1 and n = 2.

Suppose now that, for n > 3, there is a drawing D with

e <ol |52 213
and let
cr(G+ Dyy,) > 6{%J {mT_lj + 2{%J for any m < n. (7

The drawing D has the following property:
crp(T,T7) # 0 foralli,j =1,2,...,n,1i# j. (8)

To prove it assume that there are two different subgraphs 7" and 77 such that crp (7%, 77) = 0. With-
out loss of generality let crp(7™!,7™) = 0. One can easy to verify that crp(G,T" 1 UT") > 2.

984



As cr(Kg3) = 6, we have crp(TH, T UT") > 6 for k = 1,2,...,n — 2. So, for the number
of crossings in D holds

crp(G+D,) =crp (G + Dn,g)+ch(T”_1UT")+C1"D(K67”,2, T 'UT™) +erp(G, T HUT™) >

2o 5| 5] 2] st - 22 =5 5] 2[5

This contradicts (6), and therefore crp(T%,T7) # 0 forall i, = 1,2,...,n, i # j. Our assumption

on D together with cr(Kg,,) =6 EJ VT_IJ implies that

CI'D(G) + CI'D(G, K&n) <2 \‘SJ .

Hence, if we denote r = |Rp| and s = |Sp]|, then

Or+1s+2(n—r—s)<2{gJ.

Thus,”» > 1and 2r + s > 2n — 2 L%J We will fix one or two subgraphs with a contradiction with
the assumption that there are less than 6 L%J VTAJ + 2 BJ crossings in the following cases:

Case 1: crp(G) = 0.

We will deal with the sets of configurations { A1, A5} in the drawing D.

1) {41, Ay} € Mp.

a) Let Ay ¢ Mpand A; € Mp forsome i € {1,3,4}, orlet Ay € Mp and A; € M, for
some i € {3,4}. Without lost of generality, we can assume that 7" € Rp with F"™ having
configuration A;. Thus, by fixing of the graph F' using Lemma 2 we have

—1 -2
CTD(G+Dn) = CI"D(Kﬁm_l)—I—CI'D(KG,n_l,GUT”)"‘CID(GUTn) 2 6\71 9 J {n 9 J"‘

-1 -2 -1 -2
+5(r—1)+4s+3(n—r—s) = GVL 5 J VL 5 J+2r+s+3n—5 > GVL 5 J VL J+

an 3] e1an-s2of3] 752 +o[2].

b) Let Mp = { Ay} and, without lost of generality, let 7" € Rp.

If there is no 7% € Sp with crp(T™,T*) = 2, then we fix the graph F™™ having con-
figuration A, and we obtain the same inequalities as in the previous case. So, assume
that there is a subgraph 7% € Sp with crp(T™, T*) = 2. We can easily verify that
crp(GUTMUTF TY) > 6+ 2 =8 forany T® € Rp, because both F™ and F' have con-
figuration A,. Similarly by a discussion for two possible drawings of the graph T, see
the proof of Corollary 1, we can verify that crp(G U T™ U Tk, T?) > 7 for any T% € Sp
and crp(GUTUT* T > 6 for any T® ¢ Rp U Sp. Thus, by fixing of the graph
G UT™UT* we have

CI'D(G + Dn) = CID(Kﬁ,n—Q) + CrD(Kﬁ,n—Za GuT™uU Tk) + CI"D(G urTru Tk) Z

26“;1 VL;?’J —|—8(r—1)—|—75+6(n—r—5)+3—GVL;2J VL;?’J +2r + s+
+6n—1226L”;2J L”;?’J +2n—2gJ +1+6n—1226{gj VLT_lJ +2EJ.
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2) {A1, A2} € Mp.
Without lost of generality let us fix any two 7™, T"~! € R such that F*, F"~! have config-
urations A;, As, respectively. Then condition (2) is true by Tab. 3 and condition (3) holds by
Corollary 1. Thus, all assumption of Lemma 1 are fulfilled.

Case 2: crp(G) = 1.

(a) (b) (©) (d)

Fig. 4. Four possible drawings of the graph G with one crossing among its edges.

Since r > 1, without lost of generality we assume 7™ € Rp. In all four possible drawing of the graph
G it is possible to verify that crp(G U T", T*) > 4 for any subgraph 7%, = 1,...,n — 1. Thus, by
fixing of the graph F'" we obtain

crp(G+ D,,) = crp(Kgpn-1) + ctp(Kep1, GUT") + crp(GUT™) >

o552 w75 ol

Case 3: crp(G) > 2.

We are able to use the same idea as in the previous case for all possible drawing of the graph G' with
a possibility of an existence of a subgraph 7% € R, in the considering drawing D.

This completes the proof of the main theorem. U

2.3 Corollaries

o SNEL A

Fig. 5. Four graphs GG1, G5, (3, and G4 by adding new edges to the graph G.

In Fig. 2 we are able to add some edges to the graph GG without another crossings. So the drawing of
the graphs G1 + D,,, Go+ D,,, G3+ D,,, and G4+ D,, with 6 L%J L”TAJ +2 ng crossings is obtained.
Thus, the next results are obvious.

Collorary 2 cr(G; + D,) =6 {gJ VTAJ +2 L%J forn >1, wherei=1,... 4.
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Remark that the crossing numbers of the graphs G3 + D,, and G4 + D,, were obtained in [8], [5]
without using the vertex rotation.
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