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Abstract. The matching of an undirected graghHVv, E) is asubseM of E such that no

two edges ofM are adjacent irG . The Hosoya index of a grafgh is given by the number

of all matching of G . This graph invariant is one of the most interesting topological index in
chemistry. Helicenes are extremal hexagonal chains with a simple graph representation as an
important subclassof benzenoid moleculedVe obtain theexactformula for the Hosoya

index of the molecular graphs of helicenes as a function of the number of hexagons in it.
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1 Introduction

In this contribution, we consider undirected simple graphs (without loops of multiple edges). A sub-
set M of the edge set of a grafghis called the matching if none two edgeshf are adjacent in
G . Other graph terminology and notation is taken from the book [1]. Denotg Byk) the num-

ber k -matching, which means the numberloimutually independent edges can be selectdd .in

Definition 1.Let G= (V, E) be a simple connected grapy. definition, m(G ,0) =1 for all graphs,
and m(GJ) =|E|. The Hosoya index oGis given byZ G => m(G,k) as the number of all

k=0
matchng in G.

The chemist Haruo Hosoya introduced in 1971 a moleculahdvased structure descriptor, which
he named the topological indeXx G (. He showed that certain physico-chemical properties of

saturated hydrocarbons, in particular their boiling points, are well correlated Zv@h. The)
molecular structural descriptiadhwas soon re-named into Hosoya index, whereas the name
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topological index is used for any of the countless invariants that are found to have some chemical
applicability [11].

Many authors found the Hosoya index for various classes of graphs or solved the problem of
extremal values of the Hosoya index in special cases. LV and YU [6] investigated the Hosoya
index of trees with a given maximum vertex degree. Hamzeh et al. [4] obtained exact formulas of
the Hosoya index for the set of bicyclic graphs, caterpillars and dual star. Huang, Kuang and Deng
[5] found the average values of the Hosoya index with respect to the set of all polyphenylene
chains. Wagner and Gutman [11] collected and classified the results on the extremal values of the
Hosoya index and also provided some useful tools and techniques that are frequently used in the
study of this type of problem.

A hexagonal system is a connected plane graph without cut-vertices in which all inner faces are the
cycles of the length 6 (hexagons), such that two hexagons are either disjoint or have exactly one
common edge, and none three hexagons share a common edge. Two hexagons of a system may
have either two common vertices (if they are adjacent) or none (if they are not adjacent). A
hexagonal chain witm hexagons,n= 2, possesses two terminal hexagons antl heRagons

that have two neighbors. A hexagon adjacent to exactly two other hexagons possesses two vertices
of degree 2.

Denote B, an arbitrary chain witn hexagons and/, the set of its vertices of degree 3. The
subgrgh B;, of B, generated by, is an acyclic graph [13]. If the subgraf@) is a matching with
n-1 edges, therB, is called a linear chain. If the subgraph is a path, therB, is called a zigzag

chain. Shiu [10] showed that the linear hexagonal spider and zig-zag hexagonal spider attain the
extremal values of the Hosoya index. Gutman [3] reported some results on extremal hexagonal
chains.

If the subgraphB/, is a comb, therB, is called a helicene chaild, ( Fig.1.), where a comb is a
graphobtained by joining a single pendant edge to each vertex of a path (see e.g. [9]).

Hs 7 H

Fig. 1. The molecular graphs [#]helicene and7]helicene (the combs are drawn by bold lines).

934



Carbohelicenes belong to a class of fascinating, chiral, and helicoidal molecules, which have a rich
history in chemistry since the very beginning of the 20th centdejicene chemistry is being
consdered as an expanding and modern field, leading to several applications in supramolecular
chemistry, in nanosciences, in chemical-biology, in polymers and materials sciAnce.
comprehensive report on non-stereoselective reactions and methods for producing helicenes can be
found in [2].

The main aim of this contribution is to derive the exact formula for the Hosoya index of the
molecular graphs of helicenés, as a function oh.

2 Preliminary results

In this section, we review some basic and general properties of the Hosoya index (e.qg. [4], [11]).

Theorem L.If Gy, Gy, ..., Gn are the connected components of a gi@phthen Z(G) =[] Z(G;).
1=1

Theorem 2.Let G be a graph with at least two vertices anble its arbitrary vertex. Then
1G= 46 Y+ AG-{uw),

where the sum is taken over all the vertisesadjacent tov.

Theorem 3. Letverticesuv be the ends of an edgein a graphG . Then

£G= 4G9+ ZG-{uv).

Using Theorem 2 or Theorem 3 it is easy to obtain the following values of the Hosoya index for
special graphs. We just recall that the Fibonacci numbgrsare defined by the second order

reaurrence F,,, = F., +F,, withF, =0,F, =1 and the Lucas numberg, satisfy the same
reaurrence but with the initial termls, = 2, L, =1.

Theorem 4.
(a) Z(P,) = F,.,, whereP, is a path withn vertices,

(b) Z(C,)=L,, whereC, is a cycle withn vertices.

Now, we will derive some auxiliary results to finding the Hosoya index for helicenes. Consider
therefore the molecular gragt,, of [n] helicene and its subgraphs,, J,,K,and M, (Fig.2).

Hn
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Fig. 2.The molecular grapi , of [n] helicene and its subgraphis,, J,,, K, andM,.

Let us denote their Hosoya indicesz(H, )=h,, z(,)=i, z(,)=j. 2z(K,)=k, and
z(M,)=m,, for short. By direct using of Theorems 1-4 we can obtain the values of these indices
for the small numbers af. These values are collected in Tab. 1.

n hn in n kn My

1 18 13 5 3 3

2 148 109 39 26 26

3 1233 906 327 213 218

4 10244 7531 2713 1778 1807
5 85169 62605 22564 14764 15033

Lemma 1. The terms of sequencés, }, {i.}, {j.}, {k,} and{m } satisfy the following difference

equations for anyn > 2

h, =i, +]j,

= ot k+m +h
o=k + 3K +2h
Ky =ho o+ joa+tm,
m =h_,+2k_+h_,

Tab. 1. TheHosoya index of the graphs,,, 1., J,, K,, M, for 1sn<5.




Proof.
Relation (1) — Using Theorem 3 we choose the exlgé the graphH,, as in Fig. 3. Then we have

directly Z(H,)=z(1,)+2(3,).

Rdation (2) — Using Theorem 2 two times (see Fig. 3) we have successively

Z(1,)= Z(1, = )+ Z(1, ~{v, w}) =

=4 1)+ 4 1)= 41 - v)+ AL -{w wh)+Z(17 - v)+ Z(17 ~{v,,w,}), butit means that
A1)=23)+z(K,)+2z(M,)+z(H,_,) which was to prove.

Kn Mn

Fig. 3.

Relation (3) — First, we will use Theorem 2 so that we choose the vertdxhe graphJ, as in
Fig. 3. Then 4 J) = Z K,)+ Z(J, —{v.w}). Now, with the respect of Theorem 3 by using the edge
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e=uy, we obtain ZJ-{vw)=2ZRDO

£0= £1)r 49 4K.)+ 48) At

the proved relation.
Relation (4) — Now, we will again use Theorem 2 two times (see Fig. 3). Thus

E= EK- ¥+ Lx-{xw)=ZH,)+ AK)= AH)+ 4K - v)+ Z(K ~{v,,w})=
= (Hn—l)+ Z(Jn—1)+ Z(M n—1)'
Rdation (5) — Using Theorem 2 we first obtain

AM)= 24 M- y)+ZAM -{v,w})=2(H, . )+Z(M!). If we want to use Theorem 3 for the

graph M| it is suitable to choose the edgeas in Fig. 3. Then

EM= )+ em- pr IM-{y W)= AH.)+ 4B) AK)+ ZR)Z(H,-,) and

since Z(P,) = F, =2, Z(P,) = F, =1 the proof is over.

l)+ Z(P OH 2) Using Theorem 1 we have

n-—. n-

K
) Z Kn)+ F,Z ( nl)+ K Z(Hn_z), which gives

It is easy to see thdf = Z(Pz) = F, = 2 and therefore relations (1) and (2) are also validrferl.

3 Main results

Theorem 5. For the Hosoya indek,, of the graph, the following linear difference equation

l$1+4 - 6K1+3 - 19kn+2 - 2kn+1 + kn =0 (7)

holds for each positive integer.

Proof. First, we reduce the number of variables in the system relations from Lemma 1 for any
n=2

h=k+3k_+2h,, 3)
jw = i§1+1 - 2kn—1 - hn - hn—l - hn—2 (8)
2jn:_K|_2krrl+hn_2hn—l_hn—2 (9)

when we obtain relation (8) from relations (4), (5) and relation (9) from relations (1), (2), (5).

We can eliminatej, by a suitable way and then we have two relations for the members of the
sequencegh, } and{k,}

K.+2 - 4K1+1 - 13<n = 3hn + 8hn—1 (10)
lﬁ+3 - 6k1+2 - 14K1+1 + 2kn = 8hn - hn—l (11)
and the equality h = é( 8.y — 47k, — 116k, +3K,) (12)

is directly obtained from the previous system.
Finally, we substitute (12) into (10) and after simplification we obtain difference equation (7).

Remark. It is known fact that each of the sequences from Lemma 1 satisfy the same linear
difference equation as the sequeficg . Therefore the general solution for these sequences are the

same, but the concrete function expression (particular solution) of the members of sequences will be
different with respect to the various initial members of sequences.
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Theorem 6. The Hosoya index of the molecular grahof [n] helicene can be written for any
postive integernin the form h = ga" + ¢,B" + ¢,y" +¢,0", where the constants, c,, c,,c, can
be unquely expressed by the numberss, y, o .

Proof. The members of the sequer{te} satisfy the homogeneous linear difference equation of the
fourth order with constant coefficients
Ny = 6hs —19h,., - 2h,,; +h, =0.
Its characteristic equation is an algebraic equation of the fourth order
X — 6¢ - 19 - 2x+1=0
with the different rootsa, 8,y,9d . It means thath = ¢a” + ¢,8" + ¢,)" +¢,0"and with help of
the initial membersh = 2h = 18h, = 148h, =1233 we obtain the following system of four
linear equations for unknowrt, c,, c,,C,
G+ G+ Gt =2
Ga +GB +oy+ ¢ 0=18
ga’+ ¢, B’ +cy’ +c,0° =148
ga’+c B +cy’+c,0° =1233.

It is easy to find the solution of this system in the symbolic form

_ 12331445+ +0)+18(fy + SO +B) -2 50

(a-Bla-y)a-o)
o= _1233-14da +y +0)+18ay +ad+yd) - 2ayd
i (B-a)B-y)B-0)
o = 1233 148a + B +0)+18ap +ad + o) - 2aB0
" (v-a)y-By-9)
o - 1233-148a + S +y)+18aB +ay+ fy)-2apy
) (6-a)o-Blo-v)

Then the proof is finished.

4 Numerical results

We also had to calculate the previous results using Symbolic Math Toolbox of MATLAB.

The roots of the characteristic equatish— 6¢ — 19%° - 2x+1=0 can be found by MATLAB in
the numerical form through the command

>> syms X, R=solve(x"4-6*x"3-19*x"2-2*x+1)
R=
8.3128260775610574875139058467921
0.17898242638989329333757646913108
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-0.3077323367373107047565344171426
-2.1840761672136400760949478987805

The roots are four irrational numbers, which were dehbtea,3,y,d in Theorem 6. It is obvious
tha the above mentioned values are only approximations these numbers.

The system of four linear equations for unknoway, c,, c;,c, was solved by using commands of
MATLAB. Instead of the variables,[3,y,d are used in MATLAB the symbolic variables a, b, c, d
and insead c,, c,,c,,C, ae used the identifiers C1, C2, C3, C4

>>symsabcd,A=[1,1,1,1; a,b,c,d; a*2, b2, c*2,d"2; a"3, b"3, c"3, d*3];

>> AC1=A; AC1(:,1)=[2; 18; 148; 1233]; C1=factor(det(AC1))/factor(det(A))

Cl-=

-(148*b + 148*c + 148*d - 18*b*c - 18*b*d - 18*c*d + 2*b*c*d - 1233)/((a - b)*(a - c)*(a - d))
>> AC2=A; AC2(:,2)=[2; 18; 148; 1233]; C2=factor(det(AC2))/factor(det(A))

C2=

(148*a + 148*c + 148*d - 18*a*c - 18*a*d - 18*c*d + 2*a*c*d - 1233)/((a - b)*(b - c)*(b - d))
>> AC3=A; AC3(:,3)=[2; 18; 148; 1233]; C3=factor(det(AC3))/factor(det(A))

C3=

-(148*a + 148*b + 148*d - 18*a*b - 18*a*d - 18*b*d + 2*a*b*d - 1233)/((a - ¢)*(b - c)*(c - d))
>> AC4=A; AC4(:,4)=[2; 18; 148; 1233]; C4=factor(det(AC4))/factor(det(A))

C4 =

(148*a + 148*b + 148*c - 18*a*b - 18*a*c - 18*b*c + 2*a*b*c - 1233)/((a - d)*(b - d)*(c - d))

Calculation of approximations of the irrational constantsc,, c,, c,can be realized by command

>> cl=subs(C1,[a,b,c,d],R), c2=subs(C2,[a,b,c,d],R), c3=subs(C3,[a,b,c,d],R), c4=subs(C4,[a,b,c,d],R)
(2:.11154822181534150647686192500525

8.2026858209049296998559385477378165

f:(E))’.;4042920424633548952728375521586

f:(L)l.(TS1911222956376573800720972214777 .

The values of Hosoya index calculated by using MATLAB through the recurrence formula
R4 = 6h.5+190 ., +2h,, —h, for the positive integerd< n< 20 are

>> h=[sym(18) sym(148) sym(1233) sym(10244)];

>> for n=1:16, h(n+4)= 6*h(n+3)+19*h(n+2)+2*h(n+1)-h(n); end, h

h =

[ 18, 148, 1233, 10244, 85169, 707968, 5885274, 48923130, 406689753, 3380740568,
28103509701, 233619585374, 1942038987946, 16143832328616, 134200870403717,
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1115588495056524, 9273693133679053, 77090598116627092, 640840734359373890,
5327197568144459670] .

The values of Hosoya index can also be calculated through the previously derived formula
h=ca"+cp"+c)y" +c,0" for the positive integerd< n < 20.

>>syms n, H=c1*R(1)An+ c2*R(2)*n+ c3*R(3)*n+ c4*R(4)"n;

>> for k=1:20, h(k)=subs(H,n,sym(k)); end, h

h=

[ 18.0, 148.0, 1233.0, 10244.0, 85169.0, 707968.0, 5885274.0, 48923130.0, 406689753.0,
3380740568.0, 28103509701.0, 233619585374.0, 1942038987946.0, 16143832328616.0,
134200870403717.0, 1115588495056524.0, 9273693133679053.0, 77090598116627092.0,
640840734359373890.0, 5327197568144459670.0]

It is easy to see that both used methods of calculating of the Hosoya index of thettyredphshe

positive integers £n< 20give identical results with respect to integers. The Hosoya index of
[n] helicenes for 8 n< 10s presented in Tab. 2.

n 3 4 5 6 7 8 9 10
hn | 1 233| 10 244| 85 169| 707 968| 5 885 274 48 923 130 406 689 753 3 380 740 564

Tab. 2.

5 Concluding remarks

The Hosoya index of a graph, also known as Z-index, is one of the large family of topological
indices of graphs which are closely connected with selected physico-chemical characteristics of the
respective compounds. Similar connections are also known for the Merrifield-Simmons index of a
graph, which is defined via the number of ways in which mutually independent vertices can be
selected in a graph. The two indices do not only have very similar definitions, they are also quite
related in another respect. Mostly it is true that the graph which minimizes the Merrifield-Simmons
index is also the one which maximizes the Hosoya index, and vice versa.

In the previous years we have calculated the Merrifield-Simmons index for special classes of
hydrocarbons. In this contribution we have turned attention to the Hosoya index for one interesting
class of molecular graphs. The methods of calculation are possible to use for other classes of the
molecular graphs. The main problem is again in a rather complicated solution of system of
difference equations which often leads only to numeric results.

Acknowledgment. The authors gratefully acknowledge the anonymous referee for his useful
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