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Abstract. We investigate a system of the four nonlinear difference equations, where the first
equation obtain a neutral term. We state sufficient conditions for system to have the weak
property B and property B.
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1 Introduction

In this paper, we study asymptotic behavior of solutions of a four-dimensional system

)

where n € Ny = {no, no + 1, ...}, no is a positive integer, o is a nonnegative integer, { A, } , {B.} ., {Dn}
are positive real sequences defined for n € Nj. A is the forward difference operator given by
Ax, = Ty — Ty,

The sequence v : N — N satisfies
Yo =N+ 0. (H1)

The most common form of this sequence is ,, = n + 7, where 7 € N.

The sequence {p, } is a sequence of the real numbers and it satisfies

lim p, = P, where |P| < 1. (H2)
n—oo

Functions f; : R — R for¢ = 1, .., 4 satisfy

fi(u)

u

> 1,u € R\O0. (H3)
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Nonlinear difference systems or difference equations are often studied when

iAn:oo, iBn:oo, (H4)

n=ngo n=no

which is called that the system (S) is in the canonical form. In this paper, we study the system under
the following conditions

00 00 o n—1
ZAn:oo, ZBn<oo, ZBn<2Ai>:oo. (H5)

n=ng n=ngo n=ngo 1=ng

By a solution of the system (S) we mean a vector sequence (z, y, z, w) which satisfies the system (S)
for n € Ny. We investigate oscillatory or nonoscillatory solutions.

Definition 1. The component x is said to be nonoscillatory if there exists n; > ng such that x,, > 0
(respectively z, < 0) for all n > ny. A solution of (S) is said to be nonoscillatory if all of its
components x, v, z,w are nonoscillatory.

Definition 2. The component x is said to be oscillatory if for any ny > ng there exists n > ny such
that x, 1z, < 0. A solution of (S) is said to be oscillatory if all of its components x,y, z,w are
oscillatory.

We study when (S) has a Property B or Weak property B. Property B is defined in accordance with
those for the higher-order differential equations or for the system of differential equations, see [9] and
references therein.

Definition 3. The system (S) has weak property B if every nonoscillatory solution of (S) satisfies

Tnzp >0 andy,w, >0 forlargen. (D)
Definition 4. The system (S) has property B if any of its solutions either is oscillatory or satisfies
either
lim |z,| = lim |y,| = lim |2,| = lim |w,| = oo, 2)
n—oo n—oo n—oo n—o0
or
lim z, = lim y, = lim z, = lim w, = 0. 3)
n—00 n—00 n—00 n—00

Solutions satisfying (1) and x,y, > 0 are called strongly monotone solutions, while solutions satis-
fying (1) and z,y,, < 0 are called Kneser solutions.

The system (S) can be easily rewritten as a fourth-order nonlinear neutral difference equation. Equa-
tions with quasi-differences have been widely studied in the literature; see, for example, [1]-[7],
[10]. Equations of this form appear in the discretization process for solving models concerning phys-
ical, biological, and chemical henomena, such as, for instance, problems of elasticity, deformation of
structures, or soil settlement.

The aim of this paper is to extend our results about asymptotic behavior of nonoscillatory solutions of
(S). We try to extend our results from [8]. We give sufficient conditions that (S) has weak property B
and property B for the system (S) with the different assumptions then in previous. In [8], we establish
sufficient conditions for the system (S) to have weak property B and we suppose that (S) is in the
canonical form with positive sequence {p,}. In this paper, we have the symetric operator of (S) and
we modify the conditions (H4) into (HS) and sequence +,, in order to have more general conditions.
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2 Types of nonoscillatory solutions

If the system (S) has a solution (z, y, z, w), then it has the solution (—x, —y, —z, —w) as well. Thus,
throughout the paper, we can focus on solutions whose first component is eventually positive for large
n.

We use the notation
Sn ::In'+’pnxn—aa (4)

where n € Nj.

In proofs of our theorems we use the following lemma, which was proved in [8] for p positive, but it
is easy to see that it holds for (H2) as well.

Lemma 1. /8, Lemma 1] Let {x,,} be eventually positive sequence and {p, } satisfies (H2), n € Nj.
Let {s,} be the sequence defined by (4). Then {x,} is bounded if and only if {s,} is bounded.
Moreover, if {s,,} is positive and increasing for large n, then

0> Suo(l—pa)  forlargen. 5)

The following lemma describes the possible types of nonoscillatory solutions.

Lemma 2. Assume (H4). Then any nonoscillatory solution (x,y, z,w) of (S) with eventually positive
x is one of the following types:

type (a) x, >0 y,>0 z,>0 w, >0 forlargen,

type(b) x,>0 y,>0 z,>0 w, <0 forlargen,

type(c) x,>0 y, <0 2,>0 w,<0 forlargen,

type(d) x,>0 y,<0 2,<0 w,<0 forlargen,

type(e) x, >0 y,>0 z,<0 w, <0 forlargen.

Proof. Let (x,y,z,w) be a nonoscillatory solution of (S) such that x,, > 0 for large n. There are
eight possible types of these solutions. We prove that solutions of the following types do not exist.

type() z,>0 y,>0 2z,<0 w, >0 forlargen,

type i) z,>0 vy,<0 z,<0 w,>0 forlargen.

type (i) z, >0 y, <0 2,>0 w, >0 forlargen.
Assume that there exist n; € Ny and a solution such that z,, < 0, w,, > 0 for n > n; > ng. From the
fourth equation of (S) we have Aw,, > 0 and this implies that there exists k£ > 0 such that w,, > k for
large n. Using (H3) we have f3(w,) > w, > k. By the summation of the third equation of (S) we
have

n—1 n—1
Zn = Zng = Z Aifs(w;) > k Z A;.

i=ng 1=ng

Passing n — oo, we get a contradiction with the fact that z,, < 0. This excludes solutions of types (i)
and (ii).

Assume that (z,y, z, w) is a type (iii) solution. Since w is positive and increasing, there exists & > 0
such that w,, > k for large n. By the summation of the third equation of (S) we get

n—1 n—1 n—1
Zn — Zng = Z Aifs (w;) > Z Aw; > k Z A;.

i=ng i=ng i=ng
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Using the summation of the second equation of (S) we have

n—1 n—1 n—1 i—1

i=ng i=no i=ng Jj=no
Passing n — co we get the contradiction with the negativity of .

]

By Definition 3, the system (S) has the weak property B if there exist only nonoscillatory solutions
of type (a) and (c). Solutions of type (a) are called strongly monotone and solutions of type (c) are
called Kneser solutions.

Lemma 3. Any solution of type (a) satisfies

lim z, = oo, lim z, = oco. (6)
n—oo n—oo

Proof. Let (x,y, z, w) be a solution of type (a). Since y is positive and increasing, there exists & > 0
such that y,, > k for large n. By the summation of the first equation of (S) we get

n—1 n—1 n—1
Sn—Smg = Aifi () =) A >k A (7)

i=ng i=ng 1=ng

Passing n — oo we get s,, — co. Lemma 1 implies that s is unbounded if and only if = is unbounded.
Therefore lim,,_, ., T,, = 00.

Since w is eventually positive increasing, thus there exists [ > 0 such that w,, > [ for large n. By the
summation of the third equation of (S) we obtain that z,, — oo for n — oo.

O
Lemma 4. Any solution of type (c) satisfies

lim w,, = 0. (8)

n—oo

Proof. Assume that the solution (x,y, z, w) is of type (c). Since w is eventually negative increasing,
there exists lim,, .., w,, = [ < 0. Suppose [ < 0. By the summation of the third equation of (S) we
obtain a contradiction with the positivity of z. Therefore lim,, ., w, = 0. O

3 Weak property B and property B

The first theorem gives the simple criterion that the system (S) has property B, the proof of the
theorem is omitted, we can proceed the similar way as in [8].

Theorem 1. Assume (HS). If
> D, =00 ©)
n=ng

holds, then the system (S) has property B.

(%S)
n=ng

In view of Theorem 1, in the sequel, we assume » D, < .
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Theorem 2. Let (H1) - (H3) hold. If

00 i—1
S b, (Z Aj> — o, (10)

i=ng Jj=no
then the system (S) has weak property B.
Proof. The weak property B means that there are no solutions of type (b), (d) and (e). Therefore
we have to exclude these solutions. Assume that (z,y, z,w) is a type (b) solution. By (7) we get

lim,, .o, x, = oo, thus there exists £ > 0 such that x,, > k for large n. By the summation of the
fourth equation of (S) we get

— Wy, = iDif4 (24,) > iDﬂ?% > kiDz‘,

Using the summation of the third equation of (S) we have

n—1 n—1
g = ) Aifs (wi) <) A,

i=ng 1=ng
n—1
—zn+zn022A —w;) >k:ZA (ZD)
1=no 1=ng

Passing n — oo and using the change of summation
00 i—1
>a(3n) -0 (La)-
i=ng i=ng Jj=no

we get the contradiction with the boundedness of z. Thus, solutions of type (b) do not exist.

Assume that (x,y, z, w) is a type (d) solution. Since y is negative and decreasing, there exists k£ < 0
such that y,, < k for large n. By the summation of the first equation of (S) we get

n—1 n—1 n—1
Smp = Y Aifi () <) A <k D> A (11)

1=ng 1=no 1=ng

Using the summation of the fourth equation of (S) we have

n—1
— Wy, = Z Difi(xy,) > Y Diz,, (12)
i=ng =m0

From (H2) and (4) we have s,, > x,, — ,_, > —x,_, for large n. Thus
Tn Z —Sn+o- (13)

Using this and (12) and (11) we get

n—1 n—1 Yi+o—1
Wy — Wnpy, Z Z Dz <_S’Yi+ff) 2 —k Z Dz < Z A]> .

i=ng i=ng Jj=no
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Passing n — oo we get from (H1) that (10) implies

1=no J=no

Thus, we get the contradiction with the negativity of w.

Assume that (x,y, z, w) is a type (e) solution. Since z is negative and decreasing, there exists h < 0
such that z,, < h for large n. By the summation of the second equation of (S) we get

- iBif? (zi) < iBizi < hiBi.

Using the summation of the first equation of (S) we get

n—1 n—1 00
ZAﬁ i) > > A > —h Y A (ZB]). (14)

i=ng 1=ng i=ng Jj=t

In case p, < 0, we get s,, < x,, from (4). Using this fact, the summation of the fourth equation of (S)
and the estimation (14) we obtain

n—1 n—1
— Wpy = Z D; f4 137 Z Z Dixfyi > Z DZ'S%.,

i=ng i=ng 1=ng
vi—1
— Wy > hZD (ZA (ZBk)> (15)
i=no j=no

In case p,, > 0 we use (5) and we get

n—1 n—1
Wy — Wnp, Z Z Dix'yi Z Z Disfyi—a(l - p%‘))

1=ng 1=ng

i—o—1 0
Wy — Wyy > —h(1 — P ZD (72 A; (ZBk)> (16)
k=j

1=ng Jj=no

Passing n — oo we get the contradiction with the negativity of w in both cases (15), (16). U

Theorem 3. Let (10) hold. In addition, if

ZA (ZD) (17)

holds, then the system (S) has property B.
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Proof. By Theorem 2, the system (S) has only solutions of type (a) and (c). First, assume that
(x,y, z,w) is a solution of type (a). Thus, w is positive increasing and there exists a constant k; > 0
such that w,, > k; for large n. From the third equation of (S) we get

n—1 n—1 n—1
Zng = Z A f3(w;) > Z Ajw; > ky Z A;.

1=ng 1=ng 1=ng

Substituting this into the second equation of (S) we obtain

n—1 n—1 i—1
= Yno = ZBfQ Zz ZBZ’leklsz (Z A]) .

i=ng 1=ng i=ng Jj=no
Passing n — oo we have y,, — oo.

Taking into account lim(1 — p,) = 1 — P > 0, there exists p > 0 such that 1 — p,, > p, for large n.
Using the summation of the fourth equation of (S) and (5) we have

n—1 n—1
— Wy, = Z Difi(ws) > > Diwy, > Y Disy o(1—py) > (18)
i=no 1=ng 1=ng
n—1 n—1 vi—o—1
ZPZDZS%—UZ]'CPZDZ( Z AJ)
i=ng i=ng J=no

From (18) we get w,, — oo passing n — oo.

Now, assume that (z,y, z,w) is a solution of type (c). Assume that lim z,, = ¢; > 0. First, assume
that £; > 0. Using the summation of the third and the fourth equation of (S) we have

Zne = niAifg(wZ < —tle (ZD)

1=ng i=ng
Passing n — oo we get the contradiction with the boundedness of z, therefore lim,, ,, x,, = 0.

Now, assume that lim y,, = t5 < 0. First, assume that £, < 0. Using the summation of the first and
the fourth equation of (S) we obtain

n—1 n—1 ~yit+o—1
— Wpy = Z D; f4 ZE7 = Z Dix'yi Z Z DZ‘(—S7 +U —tg Z D < Z AJ> .

1=ng 1=ng 1=ng 1=ng J=no
Passing n — oo we get the contradiction with the boundedness of w, therefore lim,, o, y, = 0.

Finally, assume that lim z,, = ¢3 > 0. First, assume that ¢3 > 0. Using the summation of the first and
the second equation of (S) we get

Sng = nz_:Az’fl(’yz < —t3ZA (ZB>

i=ng i=ng

Since

i&-(i Ba‘) ZiBz‘<n§AJ‘> =

i=ng j=i+1 i=ng J=no
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then we get the contradiction with the boundedness of s. Since z is bounded, then s is bounded as
well. Therefore lim,, , 2, = O.

Now, we get the assertion by Lemma 3, Lemma 4 and Definition 4.

O
4 Conclusion

We found conditions for the system (S) to have proberty B. We extended the conditions from [8].
Now, we can investigate the system with the different conditions or it could be interesting to find the
sufficient conditions for system (S) to have any type of the solutions.
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