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Abstract. In this contribution we deal with the system of the Navier-Stokes equa-
tions with boundary conditions of the Navier’s type on the bounded smooth convex
domain. The main theorem gives condition for local in time existence of strong
solutions to this system. This result is modification of results of Robinson et al. for so-
lutions of the Navier-Stokes system on the whole space or on the space-periodic domains.
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1 Introduction

Let 3> 0,0 < T < oo and Q C R3 be a convex bounded domain with the boundary 92 of
the class C?*7. We denote Q7 = Q x (0,7). We study the following initial-boundary value
Navier—Stokes problem

du+veurlPu+u-Vu+VP = 0 in Qr, (1.1)
divu = 0 in Qr, (1.2)
ayu-n =0 b curluxn =0 on 02 x (0,7, (1.3)
u(.,0) = uo in . (1.4)

Here, u = (uy,uz,u3) and P denote the velocity of motion and the associated pressure. By n
and v we denote the outer normal vector field on OS2 and the kinematic coefficient of viscosity,
respectively. For simplicity we suppose v = 1. Equations (1.1), (1.2) describe the motion of a
viscous incompressible fluid in domain 2.

H. Navier formulated so called Navier’s boundary conditions in 1824. They takes the form

u-n=0, [T -nl,+yu=0. (1.5)
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The symbols T and the subscript 7 denote the stress tensor and the tangential component, re-
spectively. The first Navier’s condition is the condition of impermeability of the wall. The
second condition expresses the requirement that the tangential component of the stress, with
which the fluid acts on the boundary, is proportional to the velocity. The stress tensor has the
form T = —pl + v [Vu + (Vu)?]. Consequently, the second Navier condition (1.5b) can be
written in the form

veurlu xn —2vu-Vn+~yu = 0.

If we suppose that coefficient y of friction between the fluid and the boundary is zero (the case
of the so called perfect slip) and the curvature of the wall is neglected then (1.5) is equivalent
to our boundary condition (1.3b). The Navier—Stokes equations with the boundary conditions
(1.3) are studied, e.g., in papers [1], [2], [3], [4], [13], [16].

1.1 Notation of function spaces and operators.

We denote vector—valued functions and spaces of such functions by boldface letters. We use
these function spaces and operators:

o c1is a generic constant, i.e. a constant whose value may vary from line to line. On the other
hand, numbered constants have fixed values throughout the whole paper.

o C3%(R?) = {¢p € C*(Q); supp¢ C Q, div$ = 0}.
o L; () is a closure of C§2,(€2) in L*(©2).
o The Hembholtz projection of L (£2) onto L*(€2) is denoted by P,. The following holds

L*(Q) =L, (Q) & G(Q) (1.6)

where G(Q) = {Vp; p € WH5(Q)}, see, e.g., [6] for the proof.

o L2()* = {Vy; v € W2(Q)} (The symbol L2 () denotes the orthogonal complement
to L2(Q) in L*(Q)).

o WLi2(Q) := W'2(Q) N LZ(Q2). (Functions in this space are divergence—free in (2 and have
the normal component on 02 equal to zero in the sense of traces.)

o || ||x (respectively || . ||;+) denotes the L*—norm (respectively the W*—norm) of a scalar—
valued or vector-valued or tensor-valued function in 2. The scalar product in L?(€2) is
denoted by ( ., . )s.

o The dual space to W'2(Q) is denoted by W 1%(Q). The duality between the elements of
W_12(Q) and W?(Q) is denoted by (., .)q and the norm in W, 2(Q) is denoted by

I 1-1.2-
o W22 () := {u € W?2(Q) N W1*(Q); curlu x n = 0 on 9Q}. (The subscript ,,nc”

indicates the Navier-type boundary conditions.)

o H(Q) is the space of all divergence—free functions u € W'?(Q) such that w x m = 0 on
s

o T, := curl is the operator with the domain D(T;) = W22 (Q).

o,nc

o Ty := curl is the operator with the domain D(Ty) = H(2). The kernel of both the
operators T and T is trivial because domain (2 is simply connected.
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o S := T, 0Ty is an operator in in L2(£2). S is one of the concrete realizations of the so
called Stokes operator. The domain of S is D(S) = D(T;) = W22 (Q).

Below we list some properties of operators T, Ty and S, see [13] and [16].

o T, is a linear bijective operator from W22

o,nc

as an operator from W12(Q) into W2(Q).

(Q) onto H(2). The inverse operator is bounded

o T, is a linear bijective operator from H(2) onto L2 (2). The inverse operator is bounded as
an operator from L?(Q2) into W12(92).

o Operator S is a linear bijective operator from W22 .(€2) onto L2 (€2). The inverse operator

S~! = T;' o T; ' is a bounded operator from L2 () onto W22 (Q)and S = —A.

o,nc

o Operator S commutes with the projection P, i.e.
P,S=SP,u
for u € D(S). Consequently

—P,A =-A. (1.7)

o Operator S is positive and selfadjoint in L2 (). The eigenvalues of S form a non—decreasing
sequence {\;} of positive real numbers and they have the same algebraic and geometric
multiplicity. Corresponding eigenfunctions {e’} can be chosen so that they form a complete
orthonormal system in L2 (€2).

o Although the operator S'/? is different from T';, one can easily check the identities:
|1SY2u||2 = (Su,u); = ||curlu||2 = || Tiu|? for u € D(S). Consequently, there exist
positive constants ¢; and ¢, so that for u € D(S), we have

1 [[8?ully < Jlulie < oo ||SY?ulls. (1.8)

Inequalities (1.8) show that the norms [|S'/2. ||2 and || . ||, 2 are equivalent in W22, (). Using
the Friedrichs—type inequalit

ORI ally < € Vuls (1.9)
(where C' = C(Q2)), satisfied by vector functions whose normal component is zero on 02
(see [7, Exercise I1.5.15]), we deduce that the norm ||S'/2. ||, is also equivalent to || V. ||, in
W22 (Q).

o,nc

o Ifu € W'?(Q) and v € H(Q) then (u, Tyv)s = (u, curlv)y = (curlu, v),.

oIfu € W'(Q) and v € D(S) then (u,Sv); = (u,Ty 0 T1v), = (u,curl’v), =
(curlu, curlv)s,.

Definition 1 Let ug € L2(Q2). A function w € L>(0,T; L2(Q)) N L*(0,T; Wt2(Q)) is said
to be a weak solution of the problem (1.1)—(1.4) if

T
/ /[—u~8t¢+ucurlu-curl¢+(u-V)u-q’)} = /u0-¢(.,0)
o Ja

Q

for all infinitely differentiable functions ¢ in Qr such that ¢( . ,t) € WL(Q) forall0 <t <T
and ¢(.,T) =0.
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The boundary condition (1.3b) does not explicitly appear in the weak formulation of the prob-
lem (1.1)—(1.4). However, it can be shown by standard methods that if the weak solution is
smooth then it satisfies (1.3b).

Definition 2 Let u be a weak solution of the problem (1.1)—(1.4). We say that u is a strong
solution if w(0) € WL*(Q) and uw € L™ (0,T"; L¥(Q)) forall 0 < T" < T, T' < oc and for
some r, s € R, satisfying 2 <r < oo, 3<s<ooand?2/r+3/s=1.

The following lemma is proved in [10].

Lemma 1 If w is a strong solution of the problem (1.1)—(1.4) then u € L*(0,T"; W22 (Q)),

Oyuw € L2(0,T"; LZ(2)) for every 0 < T' < T, T' < oco. Moreover, w is a continuous function
from [0, T"] into W2(Q) (after an eventual change on a set of measure zero).

2 Local in time existence of strong solutions

In this section we prove the main result of the paper, providing sufficient condition for existence
of strong solutions which satisfy the boundary conditions (1.3) on given time interval. Simi-
lar results for solutions which satisfy the boundary condition (1.9) were published, e.g., in [5].
J.C. Robinson et al. proved similar results in [14], in which they studied local in time existence
of strong solutions with initial data in L3. They proved sufficient conditions for local in time
existence of strong solutions of the Navier-Stokes on the whole space and for local in time
existence of strong solutions which satisfy the space-periodic boundary conditions. Our result
which is formulated in Theorem 1 is a modification of their result for problem with boundary
conditions 1.3 on some smooth bounded convex domain.

Very similar problems were solved in [9], [10], [11] and [12]. In these papers authors studied
problems of robustness and stability of strong solutions with respect to perturbations of initial
velocities.

In this section we deal with the non-steady Stokes system.

oo+ veurl’p = 0 in Qr, (2.1)

divp = 0 in Qr, (2.2)

a)p-n=20 b)curlpxn =0 on 92 x (0,7, (2.3)
w(.,0) = ¢, in {2 (2.4)

Weak solutions of the problem (2.1)—(2.4) are defined the following way:

Definition 3 Let o, € L2(Q). A function ¢ € L>=(0,T; L2(2)) N L*(0,T; WL*(Q)) is said
to be a weak solution of the problem (2.1)—(2.4) if

T
/ /[—g0-8t¢+ycurlc,o~curl¢] = /¢0-<p(.,0)
o Ja Q

for all infinitely differentiable functions ¢ in Qr such that ¢( . ,t) € WL2(Q) forall0 <t < T
and ¢(.,T) = 0.
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2.1 The main result

Theorem 1 There exists an absolute contant € > 0 with the following property: Let uy €
WL2(Q), 7 € R, 0 < 7 < T and ¢ be a solution of (2.1)—(2.4) with initial velocity wy such

that
uolls / / Vel |l < e @.5)
0 Q

Then there exists a strong solution u of the problem (1.1)—(1.4) on the time interval (0, T).

2.2 The mathematical model of behaviour of fluid

We study qualitative properties of solutions of the Navier-Stokes equations with the boundary
conditions of the Navier’s type in this contribution. We derive a criterion for local in time
existence of strong solution. Although this result looks to be a theoretical one, it has a very
specific relationship to fluid dynamics. The system of the Navier-Stokes equations which is
solved in this contribution is a model of behaviour of incompressible fluid in bounded domains.
Equations (1.1) which are called the Navier-Stokes equations are derived from the momentum
conservation law. Equation (2.2) which is called the continuity equation expresses the fact that
liquid is incompressible. Conditions (1.3) describe interaction between fluid and fixed wall. We
are supposing density and viscosity of fluid are constant, in this model.

We can say that the system (1.1), (1.2), (1.4) with various types of boundary conditions (we are
studying this system with boundary conditions (1.3) here) is the most commonly used model of
behaviour of incompressible fluid. This model is studied in at least two areas of mathematics.
Many mathematicians dealing with the theory of partial differential equations publish papers in
which the qualitative properties of solutions of this model are studied. At the same time, many
mathematicians working in the field of numerical mathematics publish papers that deal with the
approximate numerical solutions of this model. These approximate solutions are then applied to
solve various technical problems in different areas, mechanical engineering, civil engineering,
hydrodynamics. It should be said that the results dealing with the qualitative properties of this
system often help to optimize work of numerical mathematicians.

Unfortunately, mathematicians and physicists are not yet sure if this mathematical model corre-
sponds to the real fluid behavior. In the qualitative theory of the Navier-Stokes equations there
are still some open problems that are of crucial importance. Suppose we have a weak solution to
the problem with a smooth enough initial velocity. It is well known that there is a weak solution
of this problem, satisfying the energy inequality in addition. This means that its kinetic energy
is uniformly bounded over the entire time interval. We do not know whether this solution sat-
isfies energy identity (energy identity is a special case of energy inequality). This means we do
not know whether or not the fluid behavior corresponds with the energy conservation law. The
next open question remains whether or not the dissipative energy is uniformly limited over the
entire time interval. If we knew that there exists a weak solution of the problem which is also
a strong solution, all of the above mentioned questions would be positively answered. Such a
solution would satisfy energy identity and its dissipative energy would be uniformly bounded
over the time interval. We also know that if there exists a strong solution, then this solution is
the unique strong solution. In addition, it is the only solution that satisfies energy equality. It
is even known that such a solution would be then the only solution that satisfies the energy in-
equality. It is therefore reasonable to think that such a solution would be a mathematical model
that actually describes the behavior of the fluid.
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The open problem mentioned here is one of the most well-known open problems of applied
mathematics, included in the so-called millennium problems, and the Clay Institute has issued
a financial reward for solution of this problem.

The main result of this paper (Theorem 1) provides a partial contribution to the solution of this
problem. We know that there is a time interval on which the solution is strong, and we know
how to determine the length of this interval. This means that we know that at this time interval
the solution of the Navier-Stokes problem describes the behavior of a fluid that complies with
the law of conservation of energy.The question of whether or not this solution is strong outside
this time interval remains open.

2.3 Proof of the main result

At first we mention some estimates and lemmas which we apply in order to prove Theorem 1.
The following estimate is proved in [11, Estimate (2.1)]. If v € W3(Q), v - . = 0 on 9(2),
then

H’UHS < 03/ \VUP\UL (2.6)
Q

Let v € W2(Q). Then there exists ¢ € W12(Q) such that

v|v| = P,(v|v]) + Vq. (2.7)
Applying operator div to 2.7 and using the fact that v - n = 0 on 0f) we obtain
. : Jq :
Ag =div (v|v]) inQ pr 0 in 0N (2.8)
n

Therefore ,

1/2

: (2.9)

HD2qH3/2§ = H Vo|v| H?,/QS & va|v|H2Hv”

The following inequalities are proved in [10, Lemma 2.] where assumption of convexity of ()
has been applied. Let w € W22 (Q). Then

4
/ S-P,(v|v]) = —/ Av - P, (v|v]) > / IVo|?|v] + —/‘V!v[‘q’ﬂ’z. (2.10)
Q Q Q 9 Ja
The following lemma is proved in [14].

Lemma 2 Let cg > 0, 0,9 and < are real-valued, non-negative functions which are continuous
on [0,7), 0 € C(0,7), 6(0) = 0 and the inequality

0'(t) + 9(t) < cef)I(t) + <(t) 2.11)
holds on (0, 7). Put D = [ <(t) dt. If D < ﬁ then
1

sup 6(t) <2D < — (2.12)
te(0,7) 2c¢6
and
T 1
/ I(t) dt < 2D < —. (2.13)
0 2¢q
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Integrating (2.1) and using (2.10) and embedding W2(Q) < L3(Q2) we prove the following
lemma.

Lemma 3 Let oy € WL2(Q), @ be a solution of (2.1)~(2.4). Then the inequality

T/
lo(T) 2 + / / Veollol <l (2.14)
0

holds for every T', 0 < T' < T.

Now we prove Theorem 1:

It is well known that if uy € Wr?(Q) then ¢ € L*(0,7"; W22 (€2)). Multiplying (2.1) by

P,(¢|pl]), integrating it over 2 and (0,7”) and using (2.10) we obtain (2.14) with wu, instead of
@, Let
¢ = sup{s’; ¢’, such that u is a strong solution on (0,¢")}. (2.15)

Since ug € WL2(Q) then ¢ > 0. This statement can be proven by analogy with [8, Theorem
6.1]. We prove that ¢ > 7. Suppose by contradiction that ¢ < 7. It is sufficient to prove that

u € C([0,¢]; WL2(Q)). (2.16)

By (2.16) u(c) € W2(Q). Consequently, there exists ¢* > ¢ such that u is a strong solution
on (0,¢*) and we obtain the contradiction with (2.15).

Let u = ¢ + 1 such that v is solution of the system

Y -AYp+ (- V)Y + (- V)Y + (- Vet (p V)p+VP=0, (217
P(0)=0  (2.18)

and ¢ is solution of the problem (2.1)—(2.4) with initial velocity wy. By (1.6) there exists
q € W13/2(Q) such that

Y| = Po(le]) + Vq. (2.19)

Multiplying (2.17) by P, (2|t|) on the time interval (0, <), integrating it over {2 and using (2.7),
(2.10), (2.19) and a well-known identity (see, e.g., [15, Lemma 3.2.1])

(- V), ¢l = ((¢- V), ¢lpl) =
we obtain
e Y T S vaﬂugg
(- V)% + (0 - V)ep+ (3 - V) + (- V), lap])) | +

Bdt

(- V)9 + (@ V)Y + (- V) + (¢ - Vg, Vg))| <

(- V), wlw) | +|((- Ve, )| + | (- V), Vo) +

(e V), Va) |+ |((¢- V), Va)) | + | (¢ - V), Va))| =
Il+12+13+f4+15+16 (2.20)
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Integrating by parts and applying (2.6) and (2.9) we infer
/
5 < e[Vl ol lels < e Iveelell el [l Tl lels el <
eIl |l el el < e HWIWH2H¢H3+§HWIsOI\IQHuolk%D

L <cuwwg/gusouﬁscuwwn w1l o] <

N R e R A A T 22)
I < e[l ) < cHVWM|\3/2I|¢H‘°’/2H¢H”2

Il ], < & [Tl e [ Trelol 2 223)
L<c HD2qH3/2HsoH6 < e[l el el <

e e 2 2 N e P 24
bt o <e(l 1) < L[Vl okl velelul, @29

Set cip = ¢7 + cg + ¢g + c10 + 1. Using estimates (2.20)—(2.25) we obtain
Sl + 17 912132 3 [V o [l + 3 ual 70 bl 2

Put (1) = (1) 9(1) = [ Veb(, 125, <(1) = 3 |luo | Vep ]3] and € = 5L
Let O < T<T such that

T 1
fuols | Vel 2 15—

If 7 < ¢ the theorem is proved. Suppose by contradiction ¢ < 7. Since

N 1/2(12
3 ol / Ve L2 <

we get by Lemma 2 and by (2.6)

S 3 S L2 L
[l o [190wrs o <o

The last inequalities, (2.6) and (2.14) imply thatu € L*(0,<; L?(Q2)). Then, u € C([0,c]; WL?(Q)).
Since (2.16) holds we obtain the contradiction with (2.15). Consequently, 7 < ¢ and theorem is
proved.
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