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Abstract. We introduce (scalar) stochastic differential equation of second order
with two unknown parameters and its solution, which is Ornstein—Uhlenbeck
process. Based on ergodicity, we derive two families of the strong consistent
estimators of these parameters. Then we study their asymptotic normality and
we present their implementation.
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1 Introduction

In this article, we are improving and extending some previous results on the parameter
estimation for stochastic differential equation of second order, which were previously pub-
lished in [3] and [2]. Namely, we have found another family of estimators (dy, b;), we have
proved their asymptotic normality and we have implemented them in the program R.

The following section introduces the stochastic differential equation for the harmonic
oscillation, its rewriting and its solution, that is the Ornstein—Uhlenbeck process. Using
the observation of the trajectory {X®(¢), 0 < t < T} and ergodicity of the Ornstein—
Uhlenbeck process, two types of strong constistent estimators of unknown parameters are
proposed. The proof of Theorem 1 may be found in [4]. The proof of Lemma 1 is only a
matter of computation. We also mention the asymptotic normality of the estimators ar
and by, which was studied in [2].

The asymptotic normality of the estimators ar and by is proved in the third section. We
are using [t6’s formula to obtain different formulae for the processes Yy = fOT | X0 (8))? dt
and Hp = fOT | X20(t)[2dt (on which the estimators dr and by are based on) and then
central limit theorem for the stochastic integral (which may be found in [5]). The results
are summarized in Theorem 3.

In the section 4, we introduce the implementation of all estimators and on one particular
example, we compare the two methods both graphically and numerically.
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2 Parameter estimation and strong consistency

Consider the following (scalar) stochastic differential equation
i+ 2a@ + bx = o f(t), (1)

with initial values X(0) = x; and X(O) = 5. Let @ > 0, b > 0 be unknown real
parameters, o > 0 is known and let 5(t) be the formal time derivative of the standard
Brownian motion.

We may rewrite this equation in the form
dX(t) = AX(t)dt + ®dB(t), X(0)= xo, (2)

if we set

X(t)_(X2(t;>eR2,A_(_2 _Qi)eM2X2,<b—<8 g)eszg,

B(t):(ﬁ?t))GRQ,x0:<2)eR2,

where M,» stands for the space of all 2 x 2 matrices with real entries, equipped with the
operator norm || - || z(r2).

If we denote S(t) := e a strongly continuous semigroup on R? then the solution

(X®(t),t > 0) to (2) is defined by the mild form
X*(t) = S(t)xo+ Z(t), t>0, (3)

where (Z(t),t > 0) is the convolution integral
t
Z(t) = / S(t —u)®dB(u). (4)
0

The solution (X*°(t),t > 0) to the equation (2) is called the Ornstein-Uhlenbeck process.

Theorem 1. If the semigroup (S(t),t > 0) is exponentially stable, i.e., there exist con-
stants M > 0 and p > 0 such that for allt > 0

1Sl cmey < Me™", (A1)

then there is a Gaussian centered limiting measure p'e? = N(0, Qgé’b)) for (X*(t),t > 0),
such that

w* — lim py° = ,u((f:;b)
t—o0

for each initial condition o € R?, where pu;® = Law(X*(t)) and Law(-) denotes the

(a,b)

probability distribution. The covariance matriz Qss”’ has the following form

Q) — /0 T S(eaTST (1) dt. (5)

If a® < b, then the real parts of eigenvalues of matrix A are negative and the condition (A1)
holds true. If we denote @« = —a, § = Vb — a?, then we may write \; = a+i, Ay = a—if.

488



Lemma 1. The fundamental system (S(t),t > 0) for the equation (1) has the following
form

s et (cos(ﬁt) - %sin(ﬁt)) %eat sin(St)
1) =

et (—ﬂ — %;) sin(St) %eo‘t(a sin(ft) + B cos(ft))
The covariance matrix Qg’b) of the limiting measure ,u((;é’b) equals to

o oo 2 2 5_2
o= [swmwrsoa= "5 (0w a=5 (% 2)

=0
(W 7). )
U

qu(t) = e*'sin?(Bt),
q12(t) = qa1(t) = ** sin(Bt)(asin(Bt) + B cos(Bt)),
Ga2(t) = ™ (asin(Bt) + B cos(Bt))>.

Remark 1. In the cases of a®> > b and a® = b, the eigenvalues of matrix A are also
negative and the condition (A1) also holds true. The formulae for the fundamental system

where

(S(t),t > 0) are different, but the resulting formulae for the covariance matrix Q%"
coincide. Hence the assumption a? < b may be omitted.

For the parameter estimation, we are interested in the trace of the covariance matrix
Q%" From the formula (6), it follows that

b+1
LO’Q'

Ir Q((’?;b) - 4ab

(7)

Since the Ornstein—Uhlenbeck process X () is ergodic in R? (see Example 2.1. in [7]), we
may use Birkhoft’s theorem. Namely

N Y o a
Jmn g I dt = [l i) = Tr QY 0
—00 0 R2

for any initial contidion zy € R? (see Theorem 4.9. in [6]).

If we denote Iy := %fOT | X*0(t) |32 dt, then (based on (7)) some strongly constistent
estimators of parameters a and b may be proposed. If we know the true value of the
parameter b, then the strongly consistent estimator of the parameter a is

b+1
= o .
bly

9)

ar

Similarly, if we know the true value of the parameter a, then
~ 0'2

bp = —— 10
T 4alr — o2 (10)
is the strong consistent estimator of the parameter b.

In [2|, we have also proved the asymptotic normality of these estimators.
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Theorem 2. The estimators ar and by are asymptotically normal, i.e.,

Law(\/f(dT—aD%N(O,%—i-a), T — oo, (11)
Law <\/f <I;T - b)) — N (0, 4ab + w) , T — oo. (12)

The estimators ar and by are indeed very easily implemented, but they have one major
disadvantage: We have to know the true value of the other parameter. However another
family of estimators (ar,br) may be proposed, which do not possess this disadvantage.
Since

2|5 = |21 ? + |22f?, Vo = ( . ) € R?,
o)
the integral in (8) may be split into two parts

1 T
= [ 1) e
0

1 [T ) 1 [T )
=— [ |XP) dt+—/ | X2 (4))? dt
T/O ! T /), TP

= YT + HT, (13)

where X®0(t) = (X7°(t), X5°(t))" € R? is the solution to the equation (2). The formula
(7) for the Tr ngj’b) may also be split into two parts. Indeed, the two parts in (13) converge
to their corresponding limits individually, since it is just using the Birkhoft’s theorem to
the individual components, i.e.,

2

1 /7 o
. IRT o 2 _
fn Yo = lim T/O (Xt =27 (14)
1 T ) 0.2
1 pr— 1 —_— J;O = —

Based on these convergences, we may introduce new family of strongly consistent estima-
tors ar and by

iy = —— 1
= AH, (16)
- Hp

_ar 1
=y (17)

3 Asymptotic normality of estimators d; and by

In this section, we show asymptotic normality of estimators (16) and (17), i.e., the weak
convergence of VT (a7 — a) or VT (BT — b) to a Gaussian distribution.

Let us start with the definition of operators P, : R? — R? and P, : R? — R?:

_ 1\ _ (00 T Y 9
poen () =(0)(2), wem(n)ew
B T\ b+ 4a®> 2a T A 9
P2$—P2($2)—( 2 1)(332), Vx—<x2)€R (19>
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Let us denote (-,-) and || - ||, the Euclidean scalar product and the norm in R?. The
properties of these two matrices are summarized in the following Lemma 2.

Lemma 2. The matrices P, and P, are symmetric and

(Pyz, Ar) = —2al|xy|*, Vo = ( il ) € R?, (20)
2
(Pyx, Az) = —2ab|z1[*, Vo = ( il ) c R% (21)
2
Proof. The symmetry of matrices P, and P, is evident. For every x = (21, 25)" € R?, we
have
. b 0 T 0 1 T
e =((05) () (4 ) (2))
_ bxq T9
- xe )7\ —bxry — 2ax,
= bx1x9 — bx129 — 2(1:173
= —2a|zy)?
and

- b+4a® 2a 1 0 1 1
= (57 ) (5) (5 ) (0
- by + 4a’xy + 2axs To

o 2ax1 + To "\ —bxry — 2az,

= bryxe + da’x 19 + ang — 2abxf — 4a’xixe — by — 2ax§
= —2ab|x|*.

]

We will also need the alternative representations for the processes Y and Hy, which were
defined by (13).

Lemma 3. The process Y admits the following representation

I )
Yr=—= X70(t)|= dt
=5 [ e
1 r o?
=— P,X*(T), X*(T)) — (P P, X" (t), ®dB(t —.
i (PX ) X5T) = (Paran)) + 5 [ (PX(0). 9 B0 + 7
(22)
The process Hr admits the following representation
I )
Hpr = — X5°(t)|* dt
r=g [ 1l
= (R, X)) — (Prroan) + g [ (R0, 0 aB(0) + T
= T daT 1 ) 120, To 2T J, 1 ) da’
(23)
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Proof. Define the function ¢; : R? — R by
g1(x) = (Piz,z), VxR (24)

The application of Itd’s formula to the function g;(X*°(t)) yields

dgi(X®(t)) = 2 (P, X" (t),dX™(t)) + %Tr (2P®®") dt. (25)

The second term may be simplified via following calculation

1 0 0
5 T (2P®®") = Tr ( ) =0

0 o2

The expression (25) may be now written in the following way

dgi1(X™(t)) = 2 (P, X™(t), AX™(t)) dt + 2 (P, X" (t),®dB(t)) + o> dt
= —4a| X5 (t)|* dt + 2 (PLX™(t), ® dB(t)) + o° dt.
After integrating previous formula over the interval (0,7') and after some algebraic oper-
ations, we will arrive at (23).
Similarly, if we define function g, : R> — R by
g2(z) = (Poyx,7), Va € R? (26)
and apply I[td’s formula to the function go (X (¢)), we will obtain

dgy (X7 (1)) = 2 (B,X™0(¢), dX™ (£)) + %Tr (2P, 7) dt. (27)

Since the second term equals to

1 T 0 2@0'2 )
§Tr(2P2<I>(I> ):Tr(o 2 ):0,

the formula (27) and Lemma 2 yield
dga(X"0(t)) = 2 (P, X™(t), AX™(t)) dt + 2 (P, X" (t), ® dB(t)) + o dt
= —dab| X ()2 dt + 2 (PX"™(t), ® dB(t)) 4 o2 dt.

After integrating previous formula over the interval (0,7") and after some algebraic oper-
ations, we will arrive at (22). O

3.1 Asymptotic normality of the estimator ar

Using formula (16) for the estimator ar and formula (23) for Hr, we are able to compute
the following
2

ﬁ(aT_co:ﬁ(" _a>:ﬁ"2‘ﬂ

4Hr 4Hp
- g (% (PLX™(T), X™(T)) = (Pr, o)) — %/0 <P1Xx°(t),<I>dB(t)>)
1 1 zo ly) 1 1 T 0
- Eﬁ ((PLX*(T), X*(T)) — (Pizg, o)) — Eﬁ ; (PLX"(t),®dB(t)) .

(28)
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Using Chebyshev’s inequality, it is easy to show, that the first term % ((PLX™(T), X*(T))

— (Pyxg, z0)) — 0 in probability as T — co. We may also write

Zy(T) = \/_/ (P, X" (t),®dB(t /ZPlX‘TO en) d (e, DB(t))

- / (PX*(1).02) (1) = = / XE0() dB(1), (29)

where we have used that ®B(t) = (0,05(t))" .

By the central limit theorem for the stochastic integral (see Proposition 1.22. in [5]),
Z,(T') converges weakly to a Gaussian distribution with a zero mean and variance given
by

lim Z /0 (X5(0))? dt = 0*E(Xo(00))? = 0* Var (Xa(oo)) = T, (30)

T—o0 a

where X (00) = (X1(00), X5(00)) " is an R valued Gaussian random variable with zero

mean and covariance matrix Q% (It has the invariant distribution ME;?’”.)

Since the multiplicative factor —ﬁ of Z(T) in (28) converges to —2% as T — oo, we
have the following results

Law (Z,(T)) — N (o, g) T — o0, (31)

Law (\/T (ar — a)) — N(0,a), T — occ. (32)

3.2 Asymptotic normality of the estimator br

Using formula (17) for the estimator br and Lemma 3 for representation of Yz and Hrp,
we are able to compute the following

ﬁ(éT—b)=ﬁ<@—b> \/T(HT—bYT)

Yr Yr
VT
- Y

g (P, XD — (P - oo [ P, 0 a0

1 1
= mﬁ (((P

( 4;T((P1Xx0(T),X$°(T)>—<P1x0,:c0))+ﬁ /0 (PLX™0(t), ® dB(t))

— P)X™(T), X™(T)) — (P2 — P1)zo, o))

2aYT \/_ — P)X™(t), ®dB(t)) . (33)

Similarly as above, the term

((( — P)X™(T), X™(T)) — (P2 — P1)zo, 20)) — 0

3\
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in probability as T — co. We may also compute

— P)X™(t), ddB(t))
Z ((Py — P)X™(t),e,) d(e,, PB(t))

\/_/ (P = P )X™(2), e2) dB(t) Zaa/ Xp°(6)dp(t),  (34)

since ((Py — P1)X™ (), e9) = 2aX{°(t). Similarly to Z1(T'), Zo(T') also converges weakly
to a Gaussian distribution with a zero mean and variance given by

CLO'4

4a202/0 (X7°(1)" dt = 40’0 B (X (00))" = da’o® Var (Xi(00)) = == (35)

lim
T—o0

The multiplicative factor —ﬁ of Zy(T) in (33) converges to —2 as T — oo, which

brings us to the following results
ac?
Law (Z3(T)) - N (O, T) , T'— o0, (36)

Law (\/T (BT - b)) 5 N (0, 4ab), T — oc. (37)

We may summarize the results in the following theorem.
Theorem 3. The estimators ar and by are asymptotically normal, i.e.,
Law(ﬁ(dT—a)> — N (0, a), T — oo,
Law (ﬁ (Z)T — b)) — N (0, 4ab), T — oc.
The family of estimators (@r, by) is also better than the family (ar, by) in the sense that
its limiting variances are smaller Indeed, if we compare (32) to (11), we see that the

limiting variance of ar is a + S41)2 and the limiting variance of ar is just a. Similarly,
(b+1)

b+1
if we compare (37) to (12), we recognize that the limiting variance of by is 4ab +
and the limiting VarAiance of bT is just 4ab. The estimators (ar, bT) are strict upgrade to
the estimators (ar, br).

4 Implementation and statistical evidence

We have generated a trajectory of the solution to the stochastic differential equation (1)
by Euler’s method (see for example [1]). We have chosen 7" = 100 (the length of the time
interval), At = 0,01 (the mesh of the partition), z; = 1, o = 1 (the initial values), a = 1,
b =4 and o0 = 1. The implementation in R code is as follows.

T <- 100

N <- 10000

Delta <- T/N

t <- seq(0, T, length = N+1)
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X <- numeric(N+1)

Y <- numeric(N+1)

X0 <- 1

YO <- 1

a <-1

b <-4

sigma <- 1

X[1] <- X0

Y[1] <- YO

set.seed(123)

Z <- rnorm(N)

for (i in 2: (N+1)){

X[i] <- X[i-1] + Y[i-1]#Delta
Y[i] <- Y[i-1] + (- bxX[i-1] - 2*axY[i-1])*Delta + sigma*xZ[i-1]*sqrt(Delta)
+

plot(t, X, type = "1")
plot(t, Y, type = "1")

The following figure shows the solution to the equation (1) (that is the process X7°(t))
and its derivative (that is the process X;°(t)).

0.5

-0.5 0.0

-1.0

-1.5

t t

(a) The process X{°(t). (b) The process X;°(t).
Fig. 1

The implementation of estimators ar and br is described by the following code.

I <- numeric(N+1)

ahat <- numeric(N+1)

bhat <- numeric(N+1)

I[1] <- X[11°2 + Y[1]"2

ahat[1] <- sigma”2*(b+1)/(4*xbxI[1])
bhat[1] <- sigma®2/(4*a*I[1] - sigma”2)
for (i in 2:(N+1)){

I[i] <- (T[i-11*(@i-1) + X[i]l"2 + Y[i]"2)/i
ahat[i] <- sigma”2*(b+1)/(4*bxI[i])
bhat [i] <- sigma”2/(4*axI[i] - sigma”2)
}

The value of the statistic I (on which the estimators ar and by are based on (see (8)))
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equals to Ip = 0,3233, while the trace of the matrix Qg‘é’b) equals to Q(()%’b) = %02 =

0,3125. The estimators of a and b are ar = 0, 9667, by = 3,4122 and their time evolution
is shown in the following Figure.

0.8 1.0

ahat
0.6
|
bhat
3
|

0.2
L

0 20 40 60 80 100 0 20 40 60 80 100

t t

(a) The estimator a;. (b) The estimator b.
Fig. 2
The implementation of formulae from Theorem 2 is as follows.

ahatnormal <- sqrt(t)*(ahat - a)
bhatnormal <- sqrt(t)*(bhat - b)
vara <- a + (4*a"3)/(bx(b+1)"2)
2xsqrt (vara)
varb <- 4*axb + (b"2x(b+1)72)/a
2xsqrt (varb)

The limiting variance from the formula (11) equals to 1,04 and the limiting variance from
the formula (12) equals to 416. The Figure 3 shows the progress of variables v/#(a; — a)
and \/f(l;t —b), where boundaries for "the rule of 20" are depicted. (Normally distributed
random variable X ~ N(u,o?) is realized in the interval (u — 20, u + 20) with 95,45%
probability.)

4
I
40
I

2
I
20
I

ahatnormal
0
|
bhatnormal
0
|

2
-20

L
—40
L

0 20 40 60 80 100 0 20 40 60 80 100

(a) The process vt(a; — a). (b) The process V(b, — b).
Fig. 3

All the pictures seem very satisfactory, however let us introduce the estimators ar and
br. Their implementation is also very simple.
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I2X <- numeric(N+1)
I2Y <- numeric(N+1)
atilde <- numeric(N+1)
btilde <- numeric(N+1)
I2X[1] <- X[1]"2
I2Y[1] <- Y[1]"2
atilde[1] <- sigma”2/(4*I2Y[1])
btilde[1] <- I2Y[1]/I2X[1]
for (i in 2: (N+1)){
I2X[i] <- (I2X[i-11*(i-1) + X[i]l"2)/i
I2Y[i] <- (I2Y[i-11*(i-1) + Y[i]"2)/i
atilde[i] <- sigma”2/(4*I2Y[i])
btilde[i] <- I2Y[i]/I2X[i]
+
The results are as follows
o2
Yr =0,0622, — =0,0625,

4ab
2

Hy=0,2611, 2 =0,25,
4a
dr = 0,9576, by = 4,1964.

Time evolution of the estimators ar and by is shown in the following figure.

atilde
0.8 1.0
btilde

0.6
1

0.4
L

0 20 40 60 80 100 0 20 40 60 80 100

t t

(a) The estimator a,. (b) The estimator b.

Fig. 4

The implementation of the formulae (32) and (37) is similar as above. Let us recall, that
the limiting variance of the estimator ar is @ = 1 and limiting variance of the estimator by
is 4ab = 16. The following figure shows the progress of variables v/#(d; —a) and \/E(Et —b)
as well as the 95,45% confidence interval.

>From the previous (concrete) simulation it follows, that although the estimator az is
(locally) worse than the estimator ar, the estimator by is much more better than by. After
running many and many simulations (also with different parameters a, b, o, z1, x2, T, At),
we claim that all estimators have their derived properties and that our implementation is
correct and fully functional.
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atildenormal
0
|
btildenormal
0
|

-10

-20

0 20 40 60 80 100 0 20 40 60 80 100

(a) The process v/t(a, — a). (b) The process V/(b, — b).
Fig. 5

5 Conclusion

We have introduced the stochastic differential equation of second order and its solution,
which is Ornstein-Uhlenbeck process. Based on ergodicity, two families of the strong
consistent estimators of unknown parameters have been derived.

In the second part of the paper, we have proved the asymptotic normality of the family
(ar, ET) and we have shown that this family of estimators is better than the family (ar, ET)
(e.g., it is possible to use them without any knowledge of the true value of the other
parameter and their limiting variances are smaller).

The third part of the paper presents the implementation of used methods and their
comparison on one concrete example.
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