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Abstract. We study conformal mappings preserving the generalized Einstein tensor. We
have derived corresponding partial differential equations and their integrability conditions. In
addition to the generalized Einstein tensor we got other invariants of the mappings. Also we
have proved that orientable compact manifolds equipped by positive definite metric, do not
admit conformal mappings preserving the generalized Einstein tensor.

Keywords: Affine connection, Riemannian manifolds, conformal mappings, generalized Ein-
stein tensor

Mathematics subject classification: Primary 53B20; Secondary 53C21, 53B50

1 Introduction

Diffeomorphisms preserving certain geometric objects are being given much attention of many re-
searchers in the differential geometry realm.

In particular, conformal mappings which preserved the Einstein tensor

Ry,
By =Ry =7
studied in [1]. Preserving the stress-energy tensor
Rg;;
Sij = Rij — g ’

by conformal mappings was explored in [4], [2]. It’s worth for noting that in many classical issues e.
g. [7, p. 359], just the latter is referred to as the Einstein tensor. Let us refer to

def

inj = Rij — HRgij. (1)

as the generalized Einstein tensor. Here « is a constant.
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2 Conformal mappings of Riemannian manifolds

Let (M™,g) and (M",g) be n-dimensional Riemannian manifolds with metric tensors g;; and Gij
respectively. Both metrics are defined in a common coordinate system ().

Definition The correspondence between (M, g) and (M, ) is conformal, if the fundamental ten-
sors gi; and g,;; of two manifolds M" and M" are in the relation

Gy () = e¥Wg;(x), 2)
where ¢(x) is a function of the x’s.

: =k : . : _ . . .
Connections Ffj and I';; compatible with the metrics g;; and g,; respectively must satisfy the equations

—k
Ty = T4 + 070 + 850 — ¢ g5, 3)
where ¢; = gﬁ. Also we have the equations [3], [6]
—h
R = thjk + 61pij — 5;-L<Pik + ¢"(owgi; — pijgix) + (O gij — 5§Lgik)A1§0; “4)
Rij = Rij + (n = 2)@ij + (Agp + (0 — 2)A10) sy, (5)
R=e¢%(R+2(n—1)Ap+ (n—1)(n—2)Ap). (6)

Here o; = dip, Ao = @ip;g”, wi; = Vi — pip;. Also Rl and E?jk are the Riemann tensors

of the manifolds M" and M " correspondingly. We denote as I?;; = R, and }_%Z-j = E?ja their Ricci

o - < ijo
tensors. Finally, R = R;;g" and R = R;;g" are their scalar curvatures.

3 Conformal mappings preserving generalized Einstein tensor

It follows from (5) and (6) that the function ¢ must satisfy the system [3, p. 114]

V. = LAt — (& fg,,
§Pi = PiP; 29%] 1P n—29 i 2(n _ 1)
1 R @
_ 195
n—2 (R” 2(n — 1)) '
It follows from (1) that the deformation of the generalized Einstein tensor can be written as
@ij — Qij = }_%ij — /{Eﬁij - Rz‘j + IiRgij. (8)
Taking account of the preservation requirement, i. e. @ij = ¢;;, from (8) we get
Eij — R = Kﬁgzj — kRg;;. 9)
Since (9) holds we can rewrite (7) as
1 —
Vi = @ip; — §gijA190 + ARg;; — ARgij, (10)
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where \ = % Differentiating (10) covariantly with respect to z* and the connection I" of

the manifold (M™, g) we get
ViViei =Vipio; + 0iVip; — emg ™ Viprgi; + A0 Ry,; + 2App Rg;; — A0 Rgij =

1 _
= (SOiSOk - §gz‘kA1<P + ARGy — /\Rgik) ©; + piVip;—

1 _
— g™ (SOZSOk: — §§JU<;A1£P + ARgy, — )‘Rglk) 9ij+

(11)
_ — 1
+ AOLRg;; + 2AprRg;; — AOwRgiy = @iprpj — §gikA1§0%0j+
— 1 —
+ A9 RGy, — Ao Rgie + 0iV iy — 598109k + Aprltgi;+
+ )\akagij + A@kﬁgw — )\OkRgij
Alternating (11) in j and k£ and using the Ricci identity, we obtain
N 1. — 1. — 1 1
ol = 2/\(§akRgij = 598 — 50k Rgij + 505 R + R(prgij — »igir))- (12)
The condition (12) can be rewritten as
SOaR%k - QSOQ)\R((S?QW‘ - 5?9%) = A(akﬁgij - ajﬁgik — OpRgi; + ajRgik)a
or B B
PaZizr = MOLRG;; — 0;RG,, — O Rgi; + 0 Rgir), (13)
where 20 D1
ef K{n — -
Zh < Rl R(619i5 — 6} gir). (14)

ik (= 1)(n—2)

We can express ¢;; using (10)

1 _
Yij = _§gijA190 + ARg;; — ARgi;.

If the expressions for ;; are substituted in (4), we find that

—h
Zijk =7

ijk»

h

where Z k is defined in (14). Hence we obtain

Lemma If manifolds (M", g) and (M',g), (n > 3) are in the conformal correspondence and the
mapping preserves the tensor €;; = R;; — kRg;;, (k = const), then the condition

2k(n—1)—1
28, =
Paliik = 9 — 1)(n — 2)

(0xRg;; — 0;Rgy, — OkRgij + 0; Ryir)

holds. Also, the tensor

ij

igk T (n—1)(n—2) R(él}clgij - 5?91'1@)

226



is also preserved by the mapping.

Now we prove that for preserving of the generalized Einstein tensor more strong conditions must be
satisfied. Let us contract the tensor Zl-hj,C for h and k.

2r(n—1) -1
= R% — ( ) R(659i5 — 05 Gia) = Rij —

Zij e (n—1)(n —2)

ijo

Obviously, the tensor Z;;, = R;; — %Rgﬁ formed by contraction also must be preserved by
the mappings. Hence we obtain that if x # % the product Rg;; also must be preserved, as a linear

combination (constant coefficients) of the preserved tensors.

26(n—-1) -1 1—kn

(n—2)

Similarly, it can be shown that the conformal mapping also must preserve the Ricci tensor [2;;. Hence
the system (7) can be written in the form

inj — quja = Rij — '%Rgij — Rij +

1
Vj%’ = QiP; — §gijA190‘ (15)

Let us differentiate (15) covariantly with respect to 2* and the connection I" of the manifold (M™, g).
We get

ViV =Vipip; + 0iVip; — omg™ Vioigi; =

= (SOiSOk — %gikAl(P) ©j + 0iVip; — Pmg™ (SOZSOk — %glkAMO) 9 = (16)
=i — %gmAle + 0iVip; — %gijAlSOSDk-
Alternating (16) in 7 and & and using the Ricci identity, we obtain
ol = 0. (17)

We can express ¢;; using (15)

1
ij = Vjpi — @ip; = —§gijA1%0>
and substitute in (4). Collecting the terms we have

oh h
Rz‘jk = Rz‘jlcv
hence

Theorem 3.1 If manifolds (M", g) and (M, 3), (n > 3) are in the conformal correspondence and
the mapping preserves the tensor &;; = R;; — kRg;;, and k # %, then the function p generating the
mapping, must satisfy the system of PDE’s

1
Vj%’ = QiP; — §gijA1907
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whose conditions of integrability are

Also, the Riemann tensor R?j &
ping.
It’s worth for noting that some of presented results have been obtained in [4], in particular, the equa-

tions (15) and (17).

the Ricci tensor R;j, and the product Rg;; are preserved by the map-

Let us differentiate (10) covariantly with respect to "
SOQ,IR%k + @aR%k,l - O

Because of (15) and (17) it follows
1 (6%
—§A1%0Rlz‘jk + pa i, = 0. (18)

If an explored manifold (M, g) is locally symmetric, then

ij
Hence it follows from (18) that

1

EAMRW@ = 0. (19)
If a manifold (M, g) is recurrent, i. €. the covariant derivative of the Riemann tensor respect to '
satisfies

R?jk,l = le?jk?
then because of (17), it follows from (18) that (19) holds.

Now, transvecting (17) and (18) with g”/ we get for Einstein maniflds
1

Thus, following (19) and (20), we have

Theorem 3.2 Recurrent(in particular, symmetric) manifolds (M", g) (n > 3), equipped by positive
definite metric with the Riemann tensor which is not equal to zero, do not admit conformal mappings
preserving the generalized Einstein tensor €;; = R;; — kRg,j, (K # % ). Also, Einstein manifolds
equipped by positive definite metric, do not admit conformal mappings preserving the generalized
Einstein tensor if they are not Ricci flat.

Also for compact manifolds we have

Theorem 3.3 Orientable compact manifolds (M", g) (n > 2) equipped by positive definite metric,
do not admit conformal mappings preserving the generalized Einstein tensor €;; = R;; — kRg;;,

(K # ).
proof. Let a compact orientable manifold (M", g) (n > 2) admits conformal mappings preserving

the generalized Einstein tensor €;; = R;; — kRg;j, (k # %). Then, the generating function ¢ must
satisfy the equations (15):

1
Vi = pip; — §gijA190‘
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Transvecting this with g%/, we find
n —

2
On the other hand, according to the Theorem of Green [9, p. 21]

/ VlQDZdT = O,

Mn

, 2
Vigol = — Algo

where d7 is the volume element
dr = \/Edé‘l A d£2 AL o NdE™.

In this case we obtain
n— 2

5 / Aypdr =0,
Mn

that is impossible for nontrivial conformal mappings of a manifold equipped by positive definite
metric g. The theorem is proved.

4 Local structure of Riemann manifolds admitting conformal mapping preserving the gener-
alized Einstein tensor

Let us multiply the both sides of (15) by —e™% [5]. We get

1
—e (Vi — pip;) = 67¢§gijA1§0-

Then, putting © = e~ % from (15) we obtain

AﬂL
Viu; = —gij. 21
U ou Gij (2D
Differentiating the multiplier % we see that because of (21) any partial derivative of the multiplier

is equal identically to zero
0 A,
Or' (%) -
Thus, if a manifold admits nontrivial conformal mappings which preserve the generalized Einstein
tensor &;; = R;; — kRg,j, (k # %), then there exists a function wu, that

Vju; = cgij, c = const. (22)

Suppose conversely that on a certain manifold (M™, g) there exists a function satisfying (22). Multi-
plying the both sides of (22) by the vector u‘, we get

i —
u Vjui = ClUy,
or

0
oxt

ou
oxt’

(Alu) =c

N | —

It’s obvious that

§A1u = cu + Co,
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where ¢, is an arbitrary constant. We can express c using the equation and substitute the expression
in (22)
Alu
C:
2(u+ 2)
Since the constant c; is arbitrary, we can replace v + < in (23) by u, satisfying the condition u > 0.
Thus,

Vjui =

Gij- (23)

Vi = %gij. (24)
Supposing that u = e~ %, we derive that (15) holds. We suppose that ¢ > 0, since the scalar field u
can always be determined so that the conditions ¢ > 0 and v > 0 hold. For example we can replace
u — u+ C, oru — —u + C, where C'is a positive new constant. Obviously, the conditions of
integrability of (22) are

Thus we have

Theorem 4.1 In order that a manifold (M™, g) admit conformal mappings preserving the generalized
Einstein tensor €;; = R;; — kRgi;, (k # % ) it is necessary and sufficient that there exist a scalar field
u such that

V;Viu = cgyj, ¢ = const # 0.

The problem of existence of such field was explored by P. A. Shirokov [8, p. 287]. Taking account of
the Shirokov’s results and using the theorem 4.1 , we have obtain

Theorem 4.2 In order that a manifold (M™, g) which is not Eclidean, admit conformal mappings
preserving the generalized Einstein tensor €;; = R;; — kRg,j, (K # % ) it is necessary and sufficient
that (M™, g) must be irreducible and the metric g has the form

ds* = (dz")? + (') da'da?®, t,s=2n, (25)

where coefficients h,, do not depend on z'. In that case only solution of the system (15) is the function

generating the mapping
1

01(1‘1)2 + 027

where C and Cs are positive arbitrary constants.

o= in (26)

If the metric g has the form (25), then the metric is said to define an Euclidean family of concentric
spheres. As an example [8, p. 291] we can consider 3-dimensional space which contains such family.
The metric g has the form

ds* = (dz")? + (2')?(goa(da®)? + gs3(da®)?),

and the function generating the conformal mapping preserving the generalized Einstein tensor is
defined by the equation (26).
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