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1 Introduction

In our paper we include some new results in the area of BC' K—algebras. This concept was intro-
duced in 1966 by Iséki [16] and brought to a shape by Iséki and Tanaka in papers such as [17].
BC K—algebras are a special case of BC'[-algebras, named so because their axioms work with cer-
tain combinators used in combinatory logic. For a collection of results on BC'I-/ BC K-algebras
see [15, 20]; for the underlying theoretical concepts see e.g. papers by Bundler, Meyer or Hind-
ley [6, 7, 14] and book [12] written by Curry and Feys.

Definition 1. An algebra (X;*,0) of type (2,0) is called a BC'I-algebra if it, for all x,y,z € X,
satisfies the following conditions:

() ((x*xy)*(r*x2))*(zxy) =0,
() (zx(xxy))*xy=0,
(i) zxx =0,

(iv) simultaneous validity of x x y = 0 and y * x = 0 implies that v = y.

97



In BC'[-algebras we can define, for all x,y € X, a relation “<", called a BC'I-ordering, by setting
x < y whenever x x y = 0. (1)

It is easy to show that “<" is a partial ordering on X.

K. . n

The nature of B('I—algebras is such that the operation “x" can often intentionally be neither associa-
tive nor commutative in the usual sense of the word. In the special case of associative BC'[-algebras,
i.e. BCI-algebras (X;*,0) such that, for all z,y,z € X, thereis (x *y) * 2 = x * (y * z), we have
thatz * y = y*xzand 0 * x = x for all z,y € X (all these statements are in fact equivalent).

Definition 2. A BC'I-algebra is called a BC' K—algebra if, for all v € X, there is 0 x x = 0.
BC K-algebra is called commutative if, for all x,y € X there is x x (v *y) = y * (y * x).
BC K-algebra is called a lower BC' K—semilattice if (X, <), where “<" is a BCI-ordering, is
lower semilattice.

A
A
a

Thus, lower BC'K—semilattices are a special — yet distinct and important — class of lower semilattices.
Bounded BC'I/BC K—-algebras are such BC'I/BC' K—algebras that have the greatest element, which
is usually denoted by 1. In a bounded commutative BC'K—algebra the least upper bound of an
arbitrary pair of elements x,y € X satisfies

zVy=1x(1xx)A(1xy)),
which means that, in this case, (X, <) is a distributive lattice. Notice that bounded commutative

BC K-algebras are in fact MV —algebras introduced by Chang [11].

In our paper we focus on lower BC K—semilattices and their ideals. The concept of an ideal is one of
the corner stones of the theory of BC'I—-/ BC' K —algebras (see [20]).

Definition 3. A subset A of a BCK/BCI-algebra X is called an ideal of X if, for all x,y € X,

there is

0€A, (2)
rxy€ce Ayec A= z € A (3)

Note that — obviously — every ideal A of a BCK/BCI-algebra X satisfies, for all z,y € X, the
following implication:
r<y,yeA = zreA (4)

The following terminology is standard for numerous algebraic concepts.

Definition 4. For any subset A of X, the ideal generated by A is defined to be the intersection of all
ideals of X containing A. We denote it (A). If A is finite, we say that (A) is a finitely generated ideal
of X.

In what follows we by Z(X) and Z;(X) mean the set of all ideals of X and the set of all finitely
generated ideals of X, respectively. By (X, A, <) we mean, unless specified otherwise, a lower
BC K—semilattice.
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2 Preliminaries

In Section 3 we make use of some results on weak closure operations on ideals of BC K—algebras or
relative annihilators in lower BC'K—semilattices obtained by Jun et al. [3, 4, 5]. Notice that closure
operations or (relative) annihilators are studied for various types of combinatory logic algebras — see
e.g. Chajda and Rachtinek [10]. For some results concerning lattices within the theory of BC'K—
algebras see e.g. papers by Chajda and Linger such as [8, 9].

For the proofs of results included in this section see [4, 5].
Definition 5. For any nonempty subsets A and B of (X, A\, <), we denote
ANB:={aAb|a€ Abe B}, (5)

which is called the meet set of X generated by A and B. If A = {a}, then {a} N B is denoted by
a A B. Also, if B = {b}, then A A\ {b} is denoted by A N\ .

The following example shows that the set AA B need not always be an ideal of X if A, B are arbitrary
subsets of X.

Example 1. Consider the lower BC K -semilattice X = {0, 1,2, 3, 4} with the following Cayley table.

*x 10 1 2 3 4
0|0 0 0 0 0
111 0 1 0 1
212 2 0 2 0
313 1 3 0 3
414 4 4 4 0

X has six ideals: Ay = {0}, Ay = {0,1,3}, Ay = {0,2}, A3 = {0,1,2,3}, Ay = {0,2,4} and
As = X. For A= {2,3} and B = {1, 4}, we have

ANB={aANbla€ A, be B} ={0,1,2},
which is not an ideal of X.
Therefore, we provide conditions for the meet set A A B to be an ideal.
Theorem 1. If A and B are ideals of X, then so is their meet set A \ B.
Proposition 1. If A, B and C' are ideals of X, then
1 ANO=0.
(i) ANB=ANBKB.

(i) ANB)AC=AN(BANC)={aANbAc|a€ Abe B,ce C}.
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Obviously, AAB = BA A for an arbitrary pair of nonempty subsets A and B of X. For any nonempty
subsets A, B and C' of X, we have

ACB, ACC = ACBAC. (6)

The following example shows that there exist subsets A, B and C' of X suchthat A C Band A C C,
but BAC ¢ A.

Example 2. Consider the lower BC K -semilattice X = {0, 1,2, 3,4} with the following Cayley table
(different from the one in Example 1).

KA W N~ O %
KA W N ~NDO
KA W NSO~
A WO~ O
A SN IOW
S W O~ KN

For subsets A = {0,1}, B=1{0,1,2,3} and C = {0,1,2,4} of X, we have

BAC={bAc|lbeB,ceC}={0,1,2} £{0,1} = A.
Definition 6. [4] For any nonempty subsets A and B of X, we define a set
(A:pB)={xre X |2zANBCA} (7)

which is called the relative annihilator of B with respect to A.

Given a lower BC' K -semilattice X, note that if A = {0}, then

({0} :n B)={x e X |xABC{0}}
={reX|zAb=0, Vbe B} €))
= B*

which is the annihilator of B (see Huang [15]). Hence the concept of the relative annihilator of B
with respect to A is a generalization of the concept of the annihilator of B.

Proposition 2. [4] For any nonempty subsets A and B of X, we have

(i) If Ais an ideal of X, then A C (A :x B).
(ii) If By C By in X, then (A : By) C (A :p By).

Lemma 1. [4] If A and B are ideals of X, then the relative annihilator (A :5 B) of B with respect
to A is an ideal of X.

For any nonempty subsets A and B of X, let us now consider the set
F={zxeX|zANBCAANB} C))

where x A B and A A B are meet sets. The following example shows that such a set need not be an
ideal.
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Example 3. Consider the lower BC K -semilattice X = {0, 1,2, 3,4} with the following Cayley table
(different from the one in Example 2).

AWM~ O ¥
A WN~NQOD
A~ DS O~
AN WO~ O
A SN S OWw
S~ S O AN

We have five ideals of X: Ay = {0}, Ay = {0,1,3}, Ay = {0,2}, A3 = {0,1,2,3}, and A, = X.
For subsets A = {2,3} and B = {4} of X, we have

{reX|zABCAANB}={1,2,3},

which is not an ideal of X.

3 Some new results on ideals of lower 5C K -semilattices
First of all, we provide conditions for the set /' = {z € X | x A B C A A B} to be an ideal.

Theorem 2. If A and B are ideals of a lower BC K -semilattice X, then the set
F={zeX|zANBZAAB}

is an ideal of X.

Proof. Since A and B are ideals of X, using Theorem 1 shows that A A B is an ideal. So 0 € A A B.

Also, 0OAB=0¢€ AN B. Hence,0 € F.

Letz,y € X besuchthatzxy € Fandy € F. Then (xxy) ABC AANBandyA B C AA B, that
1s,
(xxy)Nbe ANB (10)

and
yAbc ANB (1T)

forall b € B. Since b € B, we have (b) C B. It follows that y A (b) C y A B and (z * y) A (b) C
(xxy) A B. Thus, y A (b) C AA Band (x xy) A (b) C AA B. It means that,

y € (AN B, (b)) (12)

and
rzxy € (ANB: (b)) (13)

Using Lemma 1, we conclude that (A A B :, (b)) is an ideal of X. So (12), (13) and (3) show that
x € (ANB:4 (D))
Hence,orallb € B,z Ab € x A (b) C AA B. Therefore,
xtANBCANB,

which means that x € F. ]
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In the following text we are going to investigate properties of such ideals. The name, which we choose
for them, stresses the fact that the set A is reduced to a one element set.

Definition 7. For two ideals A and B of X, the ideal

{reX|xANBCAAB}

ANB

is called A-reduced meet ideal based on B and denoted by =5=.

The following example shows that the converse of Theorem 2 is not true in general, which means that
there exist subsets A and B of X which are not ideals, but A/\TB is an ideal of X .

Example 4. Consider the lower BC K -semilattice X = {0, 1,2, 3,4} with the following Cayley table
(different from the ones in Example 2 or Example 3).

*x 10 1 2 3 4
0|0 0 0 0 0
111 0 1 0 1
212 2 0 2 0
3|3 1 3 0 3
414 4 2 4 0

We have four ideals of X: Ay = {0}, Ay = {0,1,3}, Ay = {0,2,4} and A3 = X. For subsets
A =1{0,1} and B = {1, 2} of X which are not ideals, we have

ANB
=10,1,3
B {77}7

which is the ideal A, of X.
Proposition 3. For any ideals A and B of X, we have

. ANALE
(i) AC 28 and B C “5f-.

B

(ii) 2445 = Aand 442 = X.

(iii) 428 = X & B C A.

Proof. (i) Suppose an arbitrary v € A. Thenz A B C AA Bforall B € Z(X). Thus z € 422, and
so A C 428

Let x € B be an arbitrary element. For any arbitrary element y € A/\?B, we have y A B C AN B.
Since x € B, it follows that y A x € A A B. Thus,

ANB

T N CANB.

Besides,

AABQA:AAAQB
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Therefore, x A 428 C A A 42E implying that

ANB
ANTEE

ANB
B

x e

(ii) Letz € A. ThenzAX C AAX, andsox € 28X Conversely, letz € 42X Then zAX C ANX.
Since ANX = Aand x Az = x, we have = € A Therefore,

ANX
= A.
X
Clearly,
ANA
2 —{reX|2AACANA} = X.

(iii) Suppose that 442

bANBCANB, andso

= X. Let b be an arbitrary element of B. Since B C X, clearly we have

b=bAbe ANDB.

Thus B C A A B. Also, we always have A A B C B. Therefore, A A B = B which means that
B C A.

Conversely, suppose that B C A. Let z € X and b € B be an arbitrary element. Then z A b < D,
and thus by using (4), zAb € B C A,ie. t Ab€e ANBandzx € AATB. Thus X C %, and so

A
X = A8 0

The following example shows that the converse of Proposition 3 (i) is not true in general, meaning
that there exist ideals A and B of X such that 222 ¢ A and 255 5 ¢ B.

Example 5. Consider the lower BC K -semilattice X = {0,1,2,3, 4} with the following Cayley table
(again different from all the above examples).

*x 10 1 2 3 4
0|0 0 0 0 0
111 0 0 0 0
212 2 0 2 0
313 3 3 0 0
414 4 4 4 0

We have six ideals of X: Ay = {0}, A1 = {0,1}, A, = {0,1,2}, A3 = {0,1,3}, Ay ={0,1,2,3}
and Ay = X. Forideals A = Ay = {0,1,2} and B = A} = {0, 1} of X we have

AANB
=A
B 5
and clearly,
ANB
A
7 £
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Also,

ANB
ANAAZ _ap A=A
B
s AAB AAB
A N
{reX |z C AN t={reX|znNA; C A} ={0,1,2},
and hence, nE
AN BAB
—ms EB
B
Proposition 4. For any ideals A and B of X such that A C B, we have
ANB

NB=A.

Proof. Letx € A. Thenclearly x € Bandx A B C A A B. Thus

ANB

x € N B.

NowsupposethatxeAATBﬂB. ThenxeBandxeAATB. Soz AB C AN B. Since A C B and
xz € B,wehave AA B = A and
r=xNx€ANB=A.

Therefore, + € A and

A/\BOB:A.

Proposition 5. Let B be an ideal of X. For any family { A, | A € A} of ideals, we have

AEA o A
<T>—ﬂ< B ) (14)

AeA
N A AB
Proof. Let x € | 5 . Then z A B C /\OAA,\ A B. So for an arbitrary element y € B,
€

TNy € ,\ﬂAA’\ A B. Hence there exist a € ,\mAAA and b € B such that z Ay = a A b. Thus, for
c c

every A€ A,aANbe Ay N Bandsox Ay € A\ A B. Since y is an arbitrary element of B, we have
x AN B C A\ A B. Hence, for every A € A,

c Ay N B
T
B
which means that A B
AN
re () ( iE ) .
AEA
Therefore,
AQAAAAB - ﬂ A\NDB
B - B ’
AEA
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Now suppose that z € N (4222 Then for every A € A, v € 2228 and so 2 A B C A\ A B. For
S

an arbitrary element y € B andevery A € A,z Ay € A\ A B. So for \; € A, there exist ay, € Ay,
and b; € B such that z A y = ay, A by. Similarly, for \; € A (2 < ¢ < n), there exist a), € A,, and
b; € B such that z A y = ay, A b;. Now we have

cANy=(@ANy)AN@Ay)AN...A\N(xAy)
= (ax, ANb1) A (ax, Nbo) A ... A (ay, Aby)
:(a)\l/\CL)\Q/\.../\CL)\n>/\<b1/\bQ.../\bn)

Clearly, ay, Aax, A...ANay, € N\ Axand by Aby... Ab, € B. Using Proposition 1, we conclude
AEA
that
ax, /\ah/\.../\a,\n € N A,\.
AEA

Thus, x Ay € /\ﬂAA A /A B. Since y is an arbitrary element of X, we have
S

N AN B
= AEA
— 75 |

/\QAA)\/\B _ A A\NB
B " XeA B '

Therefore,

]
Theorem 3. For any ideals A and B of X, we have
ANB
ANBC A C(A:x B). (15)
Moreover, if A C B, then
ANB
)] (16)

Proof. Letx € AN B be an arbitrary element. Then there exist a € A and b € B such that x = a A b.
For an arbitrary element ' € B we have

e AV =(aAb)AY =an(bAY).

Since b A bV < band b € B, using (4) we conclude that b A b € B. Thus,a A (bA DY) € AN B.
Therefore, AN B C A/\TB.

Now let x € 428 Then for every element b € B, x ANb € AN B. Since AN B < A, we have

B
xAb€ A Hencex ANBC Aandz € (A:, B). Therefore, 242 C (A :, B).
If AC B, then AA B = A and equation (16) is clear. [

Theorem 4. For ideals A, By and Bs of X, if By C Bs, then

A/\(A A Bl) - A/\(A A Bg)
(A:n By) = (A:x Bg)

(A7)
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Proof. Suppose that B; C By and = € %. Then

.f/\(AABl)gA/\(A/\B]_)

Using Proposition 2, we have

Thereby,

x/\(A/\Bz)gx/\(A/\B])QA/\(A/\B]_):A:A/\(A/\BQ)

Therefore, z A (A :p Bs) C AN (A :\ By) and thus

A/\ (A A BZ)

S
(A A BQ)

]

The following example shows that the converse of inclusion (17) is not true in general, which means
that there exist ideals A, B; and B, of X such that B; C Bs, but

AN(A:pxBs) , AN(A:\ By)
(A:p Bo) ,@ (A:n By)

Example 6. Consider the lower BC K -semilattice X = {0, 1,2, 3,4} with the following Cayley table.

AN W N~ *
A W NH~NQID
KA W NSO~
A WO~
A O~ WwW
S W N~ O KN

Forideals A ={0,1}, By = {0,3} and By = {0,2,3} of X, we have

(AZ/\ Bl):{xGX‘m/\BlgA}:{O,l,Q,Zl},

and
(A/\Bz):{$€X|ZE/\BQQA}:{O,1,4}
Thus,
AN(A:A B
ﬁ:{meXM:/\(A:ABl)QA/\(A:/\Bl)}:{O,l},
‘A D1
and
A/\(A:/\B2>

(A ) By) ={ze€X|xA(A:nBy) CAN(A:\ By)} ={0,1,2,3}.
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Clearly,
A/\(A:/\ Bl) CA/\(A/\ BQ)
(A A Bl) - (A A Bg)

But
A/\(A:/\BQ) A/\(A/\Bl)

(A:p Bo) 8 (A By)

Proposition 6. For ideals A, B, and By of X, we have

AN(A:p By) AN(A:\ By) c AN(A:p (B1U By))

(A:p By) (A:p By) = (A:n(B1UBy)) (18)

Proof. Since By C (B; U By), using Theorem 4, we conclude that

AN(A:pB) - AN(A: (B1UBy))
(A A Bl) - (A A <Bl U BQ>)

Similarly, we have
AN(A i Bo) - AN(A:n (B1U By))
(A A BQ) - (A ‘A <B1 U B2>)

Therefore,
A/\(AZ/\Bl) A/\(A/\BQ)CA/\(A/\<31UBQ>>

(A:\ By) (A:n By) = (A:x (B1UBsy))

4 Future work

The roots of BC'I—, BC K-, MV - and other types of algebras lie in combinatory logic and informa-
tion sciences. Notice that recently Jun and Song [18] and Flaut [13] linked BC' K —algebras to block
codes used in channel encoding in earlier mobile communication systems. Matrices of block codes
are studied in Saeid et al. [21]. Since, in a special case, we obtain lattices (or semilattices), when-
ever multivalued aspects are employed we can make use of results of the hyperstructure theory and
concepts such as e.g. I/L-hyperstructures (see e.g. Krehlik and Novak [19] where sets of matrices
and lattices are studied) or even classical results of Varlet [22] who provided the link between dis-
tributive lattices and hyperstructure theory. In our future work we shall concentrate on finding links
between our results and the above mentioned concepts, or those connected with closure operations on
BC K-algebras [1, 2].
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