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1 Introduction 

Income levels of the population have been constantly researched by economists in the 
developed countries mainly due to their connection with the living standards of the 
population. Knowledge of the wage distribution and its comparison from various socio-
economic and time-spatial aspects is a precondition for the assessment of living standards, 
social security and equality in the division of material values produced by the society. 
Statistical analysis of the wage distribution also forms the basis for government social policy, 
taxation and budgetary decisions. 

The primary aim of this paper is to create the clusters of Czech Republic regions and those of 
selected European countries based on wage level similarities. The farthest neighbour 
clustering method and the Euclidean distance metric were used for the creation of those 
clusters. The key objective lies in modelling the wage distribution in individual regions so 
that its development since 2009 can be traced. Three-parameter lognormal curves represent 
the basis of the model distribution with parameters estimated employing the maximum 
likelihood method. The accuracy of the models obtained is assessed applying Akaike and 
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Bayesian Information criteria. (Such models for particular European and some other countries 
could not have been constructed due to a different type of data.)  
 
The comparison of wage levels in selected European and non-European countries is another 
principal aim of the study. The annual average wage in USD converted to purchasing power 
parity was used for this purpose since it represents real living expenses and price levels in 
different countries.  
 
Alongside the above research agenda, the present paper examines the differences between 
male and female wage levels in the Czech Republic and other selected countries. 
 
2 Database 
 
Data for the present study are collected from the official website of the Czech Statistical 
Office (CSO) and Eurostat and OECD data files.  
 
The CSO database contains the total wage distribution for the period 2009–2015 covering all 
employees in the Czech Republic broken down by regions. In individual regions, employees 
were divided into groups of men and women and the gender wage gap was examined. Annual 
data are related to gross monthly nominal wages in the respective years, the average (median) 
wage, for instance, representing average (median) gross monthly wage over the year.  
 
There are also data in the form of the interval frequency distribution with uneven and extreme 
open intervals. Neither more detailed nor individual data have been currently available. Since 
only nominal wage data are provided by the CSO, the obtained average and median nominal 
wages had to be converted to average and median real wages using the CSO-reported inflation 
rate data.  
 
Having calculated the differences in average and median wages (both nominal and real) 
between men and women, the trends in these differences were identified, the gross monthly 
nominal and real wage along with the male-female differences in average and median wage 
(nominal and real) being research variables. Data on average gross monthly (nominal) wages 
in the selected European countries are gathered from the Eurostat website. 
 
Only the data on nominal wages having been available, inflation rates had to be used for the 
conversion to a real wage that reflects purchasing power allowing for a comparison of the 
wage development without inflation effects in the research period. The rate of inflation is 
derived from the consumer price index (CPI), based on the Laspeyres price index. The real 
wage was calculated using the real wage index, the nominal wage index being divided by the 
CPI (living cost index). The data were processed utilizing SAS and Statgraphics statistical 
programme packages and Microsoft Excel spreadsheets.  
 
The late 1990s marked the culmination of Czech economy transformation to the market 
economy. Enterprises were being privatized, industries restructured and prices liberalized. 
These processes necessitated a change in the methodology of statistical analysis, the 
combination of exhaustive and sample surveys becoming more appropriate since the number 
of small businesses was growing considerably. A high rate of inflation was recorded, namely 
8.5–10.7 per cent between 1996 and 1998. In 2003, on the other hand, the inflation rate fell as 
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low as 0.1 per cent, rising to 6.3 per cent in 2008, when the recession triggered a sharp 
slowdown in real wage growth. Currently, the rate of inflation remains at a very low level (0.3 
and 0.7 per cent in 2015 and 2016, respectively). 
 
The research data include wages and salaries paid to employees for work performed in the 
private (business) and public (state budget, non-business) sectors, respectively. In terms of the 
data presented on the CSO website, “wages” cover remuneration for work done in both the 

sectors. 
 
Eurostat and OECD databases comprise the wage data for the period 2000–2015 containing 
all employees in selected European and non-European countries. However, the nature of the 
data is somewhat different from that of the CSO, and moreover, total wage distributions are 
not available. After the conversion into purchasing power parity, US dollar wages were used 
for comparison of wage levels in countries within and outside of Europe, the adjusted wages 
taking into account different living costs and price levels. 
 
An impact of the 2008 financial crisis and subsequent economic downturn was clearly 
noticeable in the Czech Republic. Having recorded a decline of 4.8 per cent in 2009, the 
economy revived slightly over the following two years, the GDP growth reaching maximum 
of 2.3 per cent. However, since firms did not have enough time to recover and boost their 
investments, the Czech economy declined further by 0.8 and 0.7 per cent in 2012 and 2013, 
respectively. Despite the 2010 warnings of independent analysts, a fall into a protracted 
recession was not prevented. (This double recession is considered even more severe than the 
1997–1998 slump. Having fallen by less than one percentage point of GDP, the Czech 
economy reported a GDP growth of 1.4 per cent in 1999.) In 2014 and 2015, however, we 
witnessed a GDP growth of 2 and 4.3 per cent, respectively. For due reasons, the present 
study spans just the seven-year period 2009–2015. 

 
3 Theory and Methods 
 
3.1  Cluster Analysis 
 
Cluster analysis was used to divide the Czech regions into relatively homogeneous groups 
according to their respective gross monthly wage levels. Multivariate data analysis, which is 
often done to process economic data (see, e.g. Lukáš Malec [8]), may include other 
approaches to statistical data analysis, namely that of canonical correlation. (Particular aspects 
of cluster analysis are dealt with Elena Makhalova, and Iva Pecáková [7] or Hana Řezanková, 

and Tomáš Löster [9].) 
 
Multidimensional observations can be used when classifying a set of objects into several 
relatively homogeneous clusters. We have a data matrix X of n X p type, where n is the 
number of objects and p is the number of variables. Assuming various decompositions S(k) of 
the set of n objects into k clusters, we look for the most appropriate decompositions. The aim 
is to find the objects within certain clusters that are as similar as possible to those from other 
clusters. Only decompositions with disjunctive clusters and tasks with a specified number of 
classes are conceded. 
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3.1.1 Criteria for Assessing the Quality of Decomposition 
 
The general task is to assess to what extent the cluster analysis aim has been achieved in 
a given situation, while applying a specific algorithm. Several criteria – decomposition 
functions – are proposed for this purpose. The most frequently used ones exhibit the 
following characteristics. They are the matrices of internal cluster variance 
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whose sum is the matrix of total variation 
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There are vectors of the observations for the ith object and hth cluster xhi, the averages for the 
hth cluster xh

and those for the total set .x . There are pth-membered vectors, E, B and T being 
symmetric square matrices of the pth order. The principal aim, consisting in the creation of 
mutually distant compact clusters, is fulfilled by reaching the minimum of the total sum of the 
deviation squares of all values of corresponding cluster averages 
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i.e. the Ward criterion. Since the st T is the same for all decompositions, the minimization of 
the st E means the same as that of the st B. In order to become independent on the used units 
of measurement (or, more generally, the invariance to the linear transformations), it is 
recommended to minimize the determinant of the matrix of the internal cluster variance 
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The criteria mentioned above are employed not only retrospectively to assess the 
decomposition quality accomplished, changes in criterion values also guiding the creation of 
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clusters. Since the criteria ultimately reach the limits (C1 and C2 the minimum, C3 and C4 the 
maximum) at k = n, it is necessary to find the extreme of the purpose function that properly 
includes the loss following from the growth in the number of clusters. The Ward criterion, for 
instance, is proposed to move towards the minimization of the quantity 
 

,11 kzCZ   (5) 
 
where constant z represents the loss resulting from an increase in the number of clusters by 
one. 
 
3.1.2 Distance and Similarity of Objects 
 
Having selected the variables characterizing the properties of the clustered objects and found 
their values, we decided on the method of the evaluation of distance or similarity of objects, 
the calculation of appropriate measures for all pairs of objects often being the initial stage of 
clustering algorithm implementation. The symmetric square matrix of n X n type has zeros or 
ones on the diagonal, depending on whether it is the matrix of distance D measures or that of 
similarity A measures, respectively. 
 
Let us now focus on measuring the distance of the objects described by quantitative variables. 
The Hemming distance can be used when individual variables are roughly on the same level 
or at least expressed in the same units of measurement 
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The Euclidean distance can be applied in the same case 
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as well as the Chebyshev distance 
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All the above mentioned measurements have some common drawbacks – the dependence on 
the used measuring units that sometimes hinders the meaningful acquisition of any sum for 
different variables and the fact that if the variables are considered in sum with the same 
weights, the strongly correlated variables have a disproportionately large effect on the 
outcome. The starting point is the transformation of variables. The adverse effect of the 
measuring units can be removed by dividing all the values by the balancing factor, which can 
be presented with the corresponding average ,x j

 standard deviation sj or the range after 
deletion of extremes 
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Particular variables can be also assigned more weight – having decided subjectively or on the 
basis of relevant information – their values then appearing in the formulas for the calculation 
of distance. 
 
Other measurements of distance and similarity of objects for numerical, ordinal, nominal and 
alternative variables are described in the professional literature. When dealing with variables 
of a different type, the Lance-Williams distance is recommended 
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3.1.3 Algorithm for the Creation of Hierarchical Sequence of Decompositions 
 
The creation of a hierarchical sequence of decompositions belongs to the most widely used 
techniques applied in the cluster analysis, occurring sequentially in the following steps: 

1) D matrix calculation of appropriate measurements of distances; 
2) the start of the decomposition process S(n) from n clusters, each of them containing 

one object; 
3) the assessment of the symmetric matrix D (a lower or upper triangle), finding two 

clusters (the hth and h/ th ones) whose distance Dhh
/ is minimal; 

4) the connection of the hth and h/ th clusters into a new gth cluster, the replacement of the 
hth and h/ th row and column in the matrix D with those of the new cluster, the order of 
the matrix being reduced by one; 

5) renumbering of the order of the cycle l = 1, 2, …, n – 1, the identification of the 
connected objects h, h/ and the level of the connection dl = Dhh

/; 
6) returning to step (3) if the creation of decompositions has not been completed by 

connecting all objects into a single cluster S(1). 
 
A divisive hierarchical procedure, contrary to the agglomerative hierarchical one, is less-used, 
starting from a single cluster S(1), splitting one of the clusters into two in each step and 
obtaining S(n) at the end of the process. The results of hierarchical cluster procedures can be 
effectively displayed in the form of a graphical tree dendrogram. 
 
Given the choice of variables x1, x2, …, xp and the matrix of distances D, the results of 
applying the described algorithm vary according to the way the distance between clusters is 
evaluated. 
 
Nearest Neighbour Method 
 
Within the nearest neighbour method, both clusters, whose connection is considered, are 
represented by objects that are the closest to each other. The Dhh

/distance between the hth and 
h/ th clusters therefore represents the minimum of all q = nh nh

/ distances between their objects, 
the procedure of the third phase of the above algorithm thus being specified. In the fourth 
step, the hth and h/ th rows and columns in the distance matrix are replaced with the new gth 
cluster’s row and column of distances. In the lth cycle, total n ‒ l ‒ 1 distances determined by  
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can be written. 

 

 
If the way of evaluation of the proximity or similarity of clusters is given, which also 
determines the conversion of the distance matrix in each cycle, the above algorithm allows for 
the creation of a hierarchical sequence of decompositions and construction of the dendrogram. 
 
When using this method, even considerably distant objects can get together in the same 
cluster if a large number of other objects create a kind of bridge between them. This typical 
chaining of objects is considered as a drawback, especially if there is a reason for the clusters 
to acquire the usual elliptical shape with a compact core. This method, however, possesses 
many positive features that outweigh the above disadvantage. 

 
Farthest Neighbour Method 
 
The method of the farthest neighbour is based on the opposite principle. The criterion for the 
connection of clusters is the maximum of q possible between-cluster distances of objects. 
When editing the matrix of distances, we proceed according to 
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An adverse chain effect does not occur in this case. On the contrary, there is a tendency 
towards the formation of compact clusters, not extraordinarily large, though. 
 
Average Linkage Method (Sokal-Sneath Method) 
 
As a criterion for the connection of clusters, this method applies an average of the q possible 
between-cluster distances of objects. When recalculating the distance matrix, we use 
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The method often leads to similar results as the farthest neighbour one. 
 
Centroid method (Gower method) 
 
Unlike the above methods, this one is not based on summarizing the information on between-
cluster distances of objects, the criterion being the Euclidean distance of centroids 
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The recalculation of the distance matrix is done as follows 
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Ward Method 
 
The method uses a functional of the decomposition quality C1 in formula (4). The criterion for 
the cluster connection is an increment to the total intra-group sum of the squares of 
observation deviations from the cluster average, thus 
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The increment is expressed as a sum of squares in an emerging cluster which is reduced by 
the sums of squares in both vanishing clusters. Using arithmetic modifications, the expression 
can be simplified into the form 
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This equation is a product of the Euclidean distance between the centroids of clusters 
considered for the connection and a coefficient depending on the cluster size. The value of 
this coefficient grows with an increasing size of clusters, and for fixed nh + nh

/ it represents 
the maximum in the case of same-size  (nh = nh

/) clusters. Since we create the connections to 
ensure the minimization of the criterion Δ C1, the Ward method tends to eliminate small 
clusters, i.e. to form those of roughly the same size, which is often a desirable property. 
Starting from the matrix of Euclidean distances between objects in the process of its 
modification, we can use the formula  
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3.2   Lognormal Distribution 
 
Theoretical aspects of the lognormal distribution have been amply dealt with in the statistical 
literature in terms of the course, characteristics and construction of a lognormal curve and 
methods of point parameter estimation; see, e.g., Norman L. Johnson, Samuel Kotz, and 
Narayanaswamy Balakrishnan [4] or Christian Kleiber, and Samuel Kotz [6]. The importance 
of the lognormal distribution as a sample distribution model is beyond all discussion. It has 
many practical applications in various fields, e.g. economics, sociology, technology or 
astronomy. The lognormal model allows for capturing differentiating features, such as 
random-to-systematic variance changes, sequential effects of interdependent factors or trends 
towards geometrically sequential development. 
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In the field of economics, wages and incomes of the population are among the many 
phenomena that the lognormal model enables to interpret. When choosing a curve for 
modelling frequency distribution, it is necessary to meet the following requirements. The 
curve is supposed to 

  reflect the given shape of the frequency distribution, being fully compliant with the 
relevant distribution modelled according to its basic characteristics, i.e. location, 
variability, skewness and kurtosis; 

  have a relatively simple shape so that it can be easily manipulated, depending on 
a small number of parameters estimated using a suitable method of point parameter 
estimation; 

  show interpretable parameters allowing for the prediction of their values without 
using the methods of statistical time series analysis, especially in those cases when 
sufficiently long time series are not available. 

 
Every option is always a compromise between the above requirements. The parameter 
functions of lognormal curves allow for an easy interpretation. In the case of a three-
parameter lognormal curve, the parameter θ represents the minimum of the curve (the 

beginning of distribution, theoretical minimum), the expression exp(μ) denote the distance of 

the median wage (income) from this theoretical minimum, parameters μ and σ2 representing 
the expected value and variance of logarithms of wage (income) distances from the theoretical 
minimum θ. 
 
An old notion that in the area of economy the logarithms of the distances of variables from 
the theoretical minimum θ are normally distributed stems from the fact that the effects of a 
large number of various stimuli, resulting in the value of a given quantity, are proportional to 
that quantity at the corresponding time.  
 
A strong concordance of the model with the global wage or income distribution does not 
mean, however, that a lognormal distribution will suffice for all circumstances or extremely 
homogeneous subgroups of employees or households categorized in minute detail according 
to the selected demographic and socio-economic indicators. If the latter is not the case, it is 
possible to model the wage or income distribution accurately enough with the use of a 
lognormal curve, parameters of the lognormal distribution being appropriately estimated from 
the sample. Alternatively, a shift of the curve can be made with either a subjectively 
determined wage/income minimum or another (shift) parameter, which is estimated from the 
sample. This solution led to positive results in the construction of wage and income models 
for a nationwide scale and large relatively homogeneous groups roughly categorized by some 
demographic and socio-economic indicators. The lognormal model, on the other hand, is not 
suitable for subsets formed from minutely classified employees or households. However, this 
is not the case of the present study that focuses on the nationwide wage distribution in the 
Czech and Slovak Republics. 
 
3.2.1 Three-Parameter Lognormal Distribution 
 
A continuous random variable X has a three-parameter lognormal distribution with parameters 
μ, σ2 and θ, where ‒∞ < μ < ∞, σ2 > 0, -∞ < θ < ∞, if its probability density function has the 

form 
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The three-parameter lognormal distribution with parameters μ, σ2 and θ is marked 

LN(μ, σ2, θ), where parameter θ is the beginning of the distribution (theoretical minimum). 

The probability density function of the three-parameter lognormal distribution is asymmetric, 
positively skewed. Figures 1 and 2 display the graphs of the probability density function of 
the three-parameter lognormal distribution depending on the values of parameters of this 
theoretical probability distribution. 
 
The probability density function of the three-parameter lognormal distribution is sometime 
introduced in the form 
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where it is valid between the expressions of probability density functions (18) and (19) that 
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The distribution function of the three-parameter lognormal distribution has a form 
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If the random variable X has a three-parameter lognormal distribution LN(µ, σ2, θ), then the 

random variable 
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has a normal distribution N(µ, σ2) and the random variable  
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has a standardized normal distribution N(0; 1). Parameter μ is then the expected value of 

a random variable (21), parameter 2 being its variance. Parameter θ is the beginning of the 

distribution, i.e. theoretical minimum of the random variable X. 
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Fig. 1. Probability density function of lognormal distribution for parameter values σ = 2 
(σ2 = 4); θ = 2. 
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Fig. 2. Probability density function of lognormal distribution for parameter values μ = 3; 
θ = 2. 

60



For ,)(exp
2

  the rth common and central moments of the three-parameter lognormal 
distribution have the forms 
 

,
2

exp)(
2 2






















rrXE r\
r

 (23) 

,)(exp)1(])([
)/21()(

0

2
1






















 


 r

j

r
XE jrjr

r

j

j/r\ r

r  (24) 

 
specifically, 
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We obtain the expressions for the expected value and the variance of the random variable X 
with a three-parameter lognormal distribution from the expressions (23) and (24) 
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The formula for median 
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is derived from the relationship for the 100-percent-quantile of the distribution 
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The three-parameter lognormal distribution is unimodal, having a single mode 
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The relationship between the expected value, median and mode follows from the expressions 
(27), (29) and (31) 
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which is typical for a positively skewed frequency distribution. 
 
The coefficient of variation of the three-parameter lognormal distribution is a function of all 
three parameters 
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The Gini coefficient of differentiation also depends on the values of all three parameters μ, σ2 
and θ of the distribution 
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Moment measurements of skewness and kurtosis depend on a single parameter σ2 
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3.2.2 Maximum Likelihood Method 
 
The substance of the maximum likelihood method of point parameter estimation is explained 
in detail in statistical literature, e.g., in Norman L. Johnson, Samuel Kotz, and 
Narayanaswamy Balakrishnan [5]. 
 
Let a random sample of size n be taken from the three-parameter lognormal distribution with 
probability density function (18). The likelihood function then has the form 
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We determine the logarithm of the likelihood function 
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Then we set the first partial derivatives of the likelihood function logarithm equal to zero 
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After adjustments, the maximum likelihood estimates of parameters μ and σ2 for the given 
parameter θ are obtained as follows 
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If the value of the parameter θ is known, we get the maximum likelihood estimates of the 

remaining two parameters of the three-parameter lognormal distribution using the expressions 
(39) and (40). However, if the value of the parameter θ is unknown, the situation is more 

complicated. It can be proved that if the parameter θ is close to min{X1, X2, …, Xn}, then the 
maximum likelihood approaches infinity. Moreover, the maximum likelihood method is often 
combined with the Cohen method, the smallest sample value being set equal to the 100-
(n + 1) 1 -percent quantile 
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Equation (41) is then combined with equations (39) and (40). 
 
3.2.3 Akaike and Bayesian Information Criteria 
 
Let us consider L as the maximum value of the likelihood function for an assumed model of 
data, k and n denoting the number of parameters estimated and the sample size, respectively. 
The Akaike information criterion (AIC) has the form 
 

LkAIC ln22   (42) 
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and the Bayesian information criterion (BIC) is defined as 
 

.LnkBIC ln2ln   (43) 

 
The model with minimal AIC or BIC values is preferred over other alternatives, AIC and BIC 
criteria also including a penalty which is an increasing function of the number of estimated 
parameters.  
 
3.3   Other Methods Used 
 
The wage distribution can be also recorded by simple descriptive measurements; see, e.g., 
Gerald M. Barber [1] or Mario F. Triola [10]. As for the gender wage gap development and 
forecasting, the trend analysis of time series was performed, interpolation criteria being 
applied to choose an appropriate trend function; for details on economic time series analysis, 
see Peter J. Brockwell, and Richard A. Davis [2] or Paul S. B. Cowperwait, and Andrew V. 
Metcalfe [3]. 

 
4 Results and Discussion 
 
4.1   Situation in the Czech Republic 
 
Figures 3 and 4 provide information on the geographical location of each region of the Czech 
Republic (their official names are presented in Table 1) and the respective level of the gross 
monthly wage. The figures clearly show a substantially higher wage level in the region of the 
capital Prague. A relatively high level of wages in Central Bohemian and Pilsen regions is 
noticeable, low levels, on the other hand, being reported in Karlovy Vary, Zlin and Olomouc 
regions. 
 
The region of the capital Prague is not food and energy self-sufficient. Its macroeconomic 
statistics, however, considerably exceed those of other regions, wages earned in Prague 
resembling those received in more developed countries. One of the reasons is the 
concentration of industries with higher labour productivity such as finance and informatics. 
Corporate policies also play an important role, since Prague-based firms often produce values 
outside the capital but divide the profits at a place where they are headquartered. As expected, 
the three regions with the highest wage levels are identical to those with the lowest 
unemployment rates in the same order. However, the order of the regions at the bottom wage 
levels is not the same as that of the regions with top rates of unemployment, neither the 
Moravian-Silesian Region nor Usti Region belonging to the three lowest wage level areas; for 
details, see Table 2. 
 
Figures 5–8 provide an overview of the results of regional cluster analysis according to the 
wage level employing the method of the farthest neighbour and Euclidean distance metric. 
 
The first cluster always contains only one element – the Capital Prague Region – in the case 
of both the average and median monthly wage (i.e. three- and five-cluster analysis, 
respectively), due to markedly higher wage levels in this respective region. 
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Source: www.czso.cz; own customization 

Fig. 3. Average gross monthly wages (in CZK) in respective regions of the Czech Republic in 
2015. 

 
Source: www.czso.cz; own customization 

Fig. 4. Median gross monthly wages (in CZK) in respective regions of the Czech Republic in 
2015. 
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Region Code Region Code 
Capital Prague Region A Hradec Kralove Region H 
Central Bohemian Region S Pardubice Region E 
South Bohemian Region C Vysocina Region J 
Pilsen Region P South Moravian Region B 
Karlovy Vary Region K Olomouc Region O 
Usti Region U Zlin Region Z 
Liberec Region L Moravian-Silesian Region T 

Source: www.mdcr.cz 
Tab. 1. Official names1) of regions of the Czech Republic2). 
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Source: www.czso.cz 
Tab. 2. Average unemployment rates (in %) in regions of the Czech Republic in 2015. 

 
Within the division of the regions into three clusters by the average wage, the second cluster 
includes four elements – Central Bohemian, Pilsen, Liberec and South-Moravian regions. 
According to the median wage division, however, the second cluster has five elements; along 
with those four mentioned above, this cluster contains the Moravian-Silesian Region, which 
seems to be rather surprising since this region’s general unemployment rate reaches the 

highest value of the whole Czech Republic. The remaining regions form the third clusters. 
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Source: Own research 

Fig. 5. Cluster analysis using three clusters, farthest neighbour method and Euclidean distance 
metric; 2015 average wage. 

1) The names of most regions match those of their respective capitals. 
2)  Different backgrounds distinguish the Bohemian regions (grey) from Moravian ones (white). 
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Source: Own research 

Fig. 6. Cluster analysis using five clusters, farthest neighbour method and Euclidean distance 
metric; 2015 average wage. 
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Fig. 7. Cluster analysis using three clusters, farthest neighbour method and Euclidean distance 
metric; 2015 median wage. 
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Fig. 8. Cluster analysis using five clusters, farthest neighbour method and Euclidean distance 
metric; 2015 median wage. 

 
 

67



0

0,00001

0,00002

0,00003

0,00004

0,00005

0,00006

0,00007

0,00008

p
ro

b
a
b

il
it

y
 d

e
n

s
it

y
 f

u
n

c
ti

o
n

gross monthly wage (in CZK)

Year 2009

Year 2010

Year 2011

Year 2012

Year 2013

Year 2014

Year 2015
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Fig. 9. Development of model wage distributions − Capital Prague Region. 
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Fig. 10. Development of model wage distributions − Central Bohemian Region. 
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Fig. 11. Development of model wage distributions − Pilsen Region. 
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Fig. 12. Development of model wage distributions − Karlovy Vary Region. 
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Fig. 13. Development of model wage distributions − Zlin Region. 
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Fig. 14. Development of model wage distributions − Olomouc Region. 
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Year 2009 2010 2011 2012 20133) 2014 2015 2016 2017 
Minimum 
wage 

8,000 8,000 8,000 8,000 8,0004) 
8,5005) 

8,500 9,200 9,900 11,000 
Source: www.mpsv.cz 

Tab. 3.  Minimum wage development in the Czech Republic (in CZK) since 2009. 
 
 
Region 

 
Est. 

Year 
2009 2010 2011 2012 2013 2014 2015 

Capital 
Prague 
Region 

μ 9,937 9,911 9,803 9,885 9,875 9,885 9,907 

σ2 0,765 0,746 0,740 0,761 0,752 0,765 0,777 
Central 
Bohemian 
Region 

μ 9,426 9,443 9,342 9,366 9,412 9,467 9,512 

σ2 0,732 0,707 0,683 0,702 0,699 0,711 0,742 
South 
Bohemian 
Region 

μ 9,112 9,156 9,124 9,092 9,176 9,250 9,312 

σ2 0,701 0,688 0,633 0,633 0,627 0,632 0,668 
Pilsen 
Region 

μ 9,298 9,316 9,202 9,226 9,275 9,371 9,426 
σ2 0,653 0,634 0,639 0,649 0,630 0,639 0,682 

Karlovy 
Vary  
Region 

μ 9,113 9,054 8,978 8,963 9,060 9,149 9,239 

σ2 0,737 0,627 0,686 0,635 0,577 0,616 0,670 

Usti  
Region 

μ 9,264 9,280 9,130 9,169 9,216 9,266 9,337 
σ2 0,711 0,674 0,671 0,664 0,637 0,654 0,707 

Liberec 
Region 

μ 9,326 9,292 9,146 9,182 9,247 9,308 9,392 
σ2 0,950 0,656 0,636 0,625 0,618 0,626 0,689 

Hradec 
Kralove 
Region 

μ 9,144 9,201 9,087 9,139 9,190 9,259 9,304 

σ2 0,640 0,671 0,623 0,625 0,620 0,636 0,661 
Pardubice 
Region 

μ 9,225 9,168 9,105 9,118 9,160 9,231 9,306 
σ2 0,920 0,697 0,642 0,660 0,642 0,650 0,704 

Vysocina 
Region 

μ 9,195 9,204 9,093 9,133 9,193 9,255 9,322 
σ2 0,754 0,691 0,616 0,640 0,605 0,627 0,685 

South 
Moravian 
Region 

μ 9,358 9,394 9,268 9,311 9,361 9,404 9,460 

σ2 1,028 1,025 1,028 1,027 1,018 1,014 1,009 
Olomouc 
Region 

μ 9,204 9,203 9,088 9,086 9,164 9,239 9,296 
σ2 0,661 0,659 0,632 0,657 0,651 0,633 0,719 

Zlin  
Region 

μ 9,077 9,139 9,075 9,065 9,149 9,215 9,277 
σ2 0,739 0,704 0,656 0,680 0,626 0,633 0,686 

Moravian-
Silesian 
Region 

μ 9,196 9,251 9,220 9,233 9,262 9,290 9,345 

σ2 0,681 0,664 0,665 0,662 0,656 0,654 0,702 
Source: Own research 

Tab. 4. Parameter estimates of three-parameter lognormal distribution using maximum 
likelihood method (parameter θ equalling respective annual minimum wage). 

3) In 2013, the beginning of lognormal curves was determined proportionally, i.e 

.2928´
12

00085008
70008 


 

 

4) From 1st January 2013 to 31st July 2013. 
5) From 1st August 2013 to 31st December 2013. 
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Region 

 
Crit. 

Year 
2009 2010 2011 2012 2013 2014 2015 

Capital 
Prague 
Region 

AIC 1,715,847 1,605,510 1,514,319 1,456,900 1,362,167 1,291,967 1,219,753 
BIC 1,715,870 1,605,533 1,514,342 1,456,923 1,362,191 1,291,990 1,219,776 

Central 
Bohemian 
Region 

AIC 544 ,441 536,317 528,511 543,060 546,067 556,645 577,484 
BIC 544,462 536,338 528,533 543,082 546,089 556,666 577,505 

South 
Bohemian 
Region 

AIC 297,991 296,670 282,364 284,622 285,256 289,311 303,276 
BIC 298,011 296,691 282,384 284,643 285,277 289,331 303,296 

Pilsen 
Region 

AIC 269,898 267,230 272,194 278,447 275,599 281,651 298,363 
BIC 269,919 267,250 272,215 278,468 275,619 281,671 298,383 

Karlovy 
Vary 
Region 

AIC 127,711 115,055 123,387 117,626 110,162 116,655 124,583 
BIC 127,730 115,074 123,406 117,644 110,180 116,674 124,602 

Usti 
Region 

AIC 348,582 336,708 336,174 334,146 324,956 331,734 350,898 
BIC 348,603 336,728 336,195 334,167 324,977 331,755 350,919 

Liberec 
Region 

AIC 231,143 185,448 183,454 183,282 183,845 187,689 203,032 
BIC 231,162 185,468 183,474 183,302 183,864 187,709 203,052 

Hradec 
Kralove 
Region 

AIC 240,158 250,588 239,702 242,212 242,731 249,249 258,341 
BIC 240,178 250,609 239,722 242,233 242,751 249,270 258,361 

Pardubice 
Region 

AIC 275,403 235,724 226,401 234,568 233,737 239,552 257,057 
BIC 275,423 235,744 226,421 234,588 233,757 239,572 257,077 

Vysocina 
Region 

AIC 238,726 228,425 213,311 222,088 215,872 224,336 241,838 
BIC 238,746 228,445 213,331 222,108 215,892 224,356 241,858 

South 
Moravian 
Region 

AIC 786,921 788,918 793,299 796,116 795,440 796,875 797,641 
BIC 786,943 788,940 793,321 796,138 795,462 796,897 797,663 

Olomouc 
Region 

AIC 255,008 261,376 260,425 274,584 279,522 280,684 313,825 
BIC 255,028 261,396 260,445 274,604 279,543 280,705 313,846 

Zlin 
Region 

AIC 289,572 282,403 271,177 279,996 265,977 270,105 288,029 
BIC 289,593 282,423 271,197 280,017 265,997 270,125 288,050 

Moravian-
Silesian 
Region 

AIC 581,796 574,637 578,439 579,575 578,706 580,905 613,021 
BIC 581,817 574,659 578,461 579,597 578,728 580,927 613,042 

Source: Own research 
Tab. 5. Akaike and Bayesian information criteria values. 

 
Within the division of the regions into five clusters by the average wage, the second cluster 
contains only one element, namely the Central Bohemian Region. However, according to the 
median wage, the second cluster consists of three elements – Central Bohemian, Pilsen and 
Liberec regions. The third cluster always comprises five elements – South Bohemian, Usti, 
Hradec Kralove, Vysocina and Moravian-Silesian regions by the average wage and South 
Bohemian, Usti, Hradec Kralove, Pardubice and Vysocina regions, respectively, according to 
the median wage. The fourth cluster has only three elements in both cases – Pilsen, Liberec 
and South Moravian regions according to the average wage, and Karlovy Vary, Olomouc and 
Zlin regions by the median wage, the latter being those with the lowest wage levels. The fifth 
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clusters formed by the average and median wage contain the four and two remaining regions, 
respectively; for details, see Figures 5–8). 
 
Theoretical models for the wage distribution of each region from 2009 onwards have been 
constructed. They are based on the use of the probability density function of three-parameter 
lognormal curves, whose parameters were estimated using the maximum likelihood method. 
The beginning of these curves is represented by the value of the minimum wage in respective 
years; see Table 3. 
 
The accuracy of the models obtained was compared applying the Akaike and Bayesian 
information criteria, both of which take a number of the corresponding wage model 
parameters into account. 
 
Theoretical wage models using three-parameter lognormal curves and the maximum 
likelihood method of parameter estimation were created. Table 4 indicates the values of 
parameters estimated, Table 5 presenting the values of the Akaike and Bayesian information 
criteria, which enable to assess the estimation accuracy. Using Figures 9–14, the theoretical 
wage models capture the three regions with the highest (Prague, Central Bohemian and Pilsen 
regions) and the other three with the lowest wage levels (Karlovy Vary, Zlin and Olomouc 
regions).  
 
The above figures allow for comparison of the wage distribution development of the regions 
with the highest and lowest wages over the last seven years. As observed in the figures, 
distributions with a high wage level are characterized by higher variability than those with a 
low wage level. Moreover, distributions with a low level of wages are more skewed and have 
higher kurtosis than those with high wage levels. A probability model, usually representing a 
simple approximation of a rather complex empirical distribution and the knowledge of the 
development trend of its parameters allow for the estimation of the whole wage distribution 
for future research purposes. As we can see from Table 5, wage models for the capital Prague 
region show the lowest accuracy, while Karlovy Vary region with its lowest wage level 
indicates the best accuracy of wage models, the number of model parameters being implicated 
in both information criteria (AIC and BIC). The relationship between the model accuracy and 
the wage level in the respective region is obvious. It holds that low model accuracy 
corresponds to a high wage level and vice versa. 
 
Figures 15 and 16 display the time series of the gender wage gap between men’s and 

women’s average and median (nominal) wages in Prague region and the Central Bohemian 

region over the period 2009–2015. An adaptive method of modelling the trend component 
was applied to construct the trend model using both parametric and non-parametric approach. 
An appropriate (i.e. quadratic) trend function was chosen employing interpolation criteria in 
the former and moving averages (of the three respective lengths) in the latter case. Figures 
17–28 show an analogous development of the gender wage gap and its models for the other 
regions. 
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Source: Own research 

Fig. 15. Male-female wage level differences: Capital Prague Region. 
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Fig. 16. Male-female wage level differences: Central Bohemian Region. 
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Fig. 17. Male-female wage level differences: 
South Bohemian Region. 

Fig. 18. Male-female wage level differences: 
Pilsen Region. 
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Source: Own research Source: Own research 

Fig. 19. Male-female wage level differences: 
Karlovy Vary Region. 

Fig. 20. Male-female wage level differences: 
Usti Region. 
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Fig. 21. Male-female wage level differences: 
Liberec Region. 

Fig. 22. Male-female wage level differences: 
Hradec Kralove Region. 
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Source: Own research Source: Own research 

Fig. 23. Male-female wage level differences: 
Pardubice Region. 

Fig. 24. Male-female wage level differences: 
Vysocina Region. 
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Source: Own research Source: Own research 

Fig. 25. Male-female wage level differences: 
South Moravian Region. 

Fig. 26. Male-female wage level differences: 
Olomouc Region. 
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Fig. 27. Male-female wage level differences: 
Zlin Region. 

Fig. 28. Male-female wage level differences: 
Moravian-Silesian Region 
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The suitability of the selected trend function was subsequently verified using an individual t-
test and an overall F-test. All the tests turned out to be statistically significant at the 5 percent 
level, the residues of the models not showing any significant autocorrelation. All values of the 
Durbin-Watson statistics were found in the interval (1.4, 2.6), being equal to the two values 
and demonstrating the independence of random failures. The calculated values of the 
determination coefficient also proved the appropriateness of the selected quadratic trend 
functions.  
 
Due to the shortness of the time series available, their extrapolation was not made (i.e. we did 
not shorten them by a certain number of observations which could be then predicted using the 
selected model, the accuracy of the extrapolation being compared by means of, e.g., the Theil 
index of inequality). The same applies to gender wage differences in the real average and 
median wage. 
 
It is apparent from all figures 15–28 that in the vast majority of regions, the gender wage gap 
was narrowing at the beginning of the research period, presumably due to the global 
economic downturn. The recession having ceased, the gender wage inequality started rising 
again (except for Usti, South Bohemian and Moravian-Silesian regions). The real wage 
analysis brought similar results. 
 
Based on quadratic trend functions, 2016 and 2017 predictions of the gender inequality in 
average and median (nominal) wages for individual regions were made; see Table 6.  
 
This table indicates that a widening of the gender wage gap in almost all regions can be 
expected, the median wage gap in Usti Region being the only exception. 
 
 
Region 

Average Median 
Year 2016 Year 2017 Year 2016 Year 2017 

Capital Prague Region 11,607 13,074 5,866 6,931 
Central Bohemian Region 8,071 8,683 5,850 6,460 
South Bohemian Region 5,649 6,162 3,623 3,684 
Pilsen Region 6,765 7,650 4,535 5,014 
Karlovy Vary Region 5,812 6,774 4,913 5,627 
Usti Region 5,329 5,415 3,549 3,328 
Liberec Region 7,851 9,652 4,795 5,546 
Hradec Kralove Region 5,312 5,726 3,580 3,913 
Pardubice Region 6,384 7,643 4,505 5,188 
Vysocina Region 7,796 8,672 6,019 6,631 
South Moravian Region 7,572 8,443 4,630 5,204 
Olomouc Region 6,180 7,256 4,542 5,131 
Zlin Region 7,172 7,740 5,372 5,794 
Moravian-Silesian Region 5,986 6,058 5,232 5,503 

Source: Own research 
Tab. 6.  2016 and 2017 predictions of male-female wage level differences (in CZK). 
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4.2 Situation in the World 
 
Figures 29‒31 illustrate the above statements using the results of cluster analysis for 31 
selected European countries. These states were divided into three, five and seven clusters 
according to their average gross monthly (nominal) wage in 2015 using method of the farthest 
neighbour and Euclidean distance metric. 
 
Figure 29 shows the segmentation of these countries into three clusters. The first cluster 
consists of countries with medium wage levels in Europe. There are the following fourteen 
states: Austria, Belgium, Finland, France, Germany, Iceland, Ireland, Italy, Luxembourg, 
Netherlands, Spain, Sweden, Switzerland and United Kingdom. The second cluster consists of 
states with rather lower wage levels, to where the countries of the former socialist bloc 
(Bulgaria, Croatia, Czech Republic, Estonia, Hungary, Latvia, Lithuania, Poland, Romania, 
Slovakia and Slovenia) belong, inter alia (Cyprus, Greece, Malta and Portugal). Two 
countries with the highest wage levels make up the third cluster. There are Denmark and 
Norway. 
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Source: Own research 

Fig. 29. Cluster analysis using three clusters, method of the farthest neighbour and Euclidean 
distance metric, nominal average wage in 2015. 
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Source: Own research 

Fig. 30. Cluster analysis using five clusters, method of the farthest neighbour and Euclidean 
distance metric, nominal average wage in 2015. 
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Source: Own research 

Fig. 31. Cluster analysis using seven clusters, method of the farthest neighbour and Euclidean
                                      distance metric, nominal everage wage in 2015.  

 
Figure 30 represents the classification of these states into five clusters. The first cluster is 
formatted by states with rather higher levels of nominal wage, but not with the countries with 
the highest wage levels in Europe. These are Austria, Belgium, Finland, France, Germany 
Ireland, Luxembourg, Netherlands, Sweden and Switzerland. It is interesting that the whole of 
the second cluster is represented by the countries of the former socialist block with the 
exception of Slovenia: Bulgaria, Croatia, Czech Republic, Estonia, Hungary, Latvia, 
Lithuania, Poland, Romania and Slovakia. The third cluster is made up of rather poorer 
countries of the original “Western” Europe (Cyprus, Greece, Malta and Portugal) plus 

Slovenia.  Two states with the highest levels of nominal wages, Norway and Denmark, 
represent the fourth cluster. Four countries; Iceland, Italy, Spain and United Kingdom, 
represent the fifth cluster. 
 
Figure 31 represents the allocation of European countries into seven clusters. Eight advanced 
countries of Western and Northern Europe constitute the first cluster. There are Austria, 
Finland, France, Germany, Ireland, Netherlands, Sweden and Switzerland. Only two states 
with very high level of nominal wages; Belgium and Luxembourg, form the second cluster. 
European countries of the former socialist bloc, with the exception of Slovenia, represent the 
entire third cluster. There are Bulgaria, Croatia, Czech Republic, Estonia, Hungary, Latvia, 
Lithuania, Poland, Romania and Slovakia. Cluster number four is constituted by somewhat 
less developed countries of the Western and Southern Europe, such as Cyprus, Greece, Malta, 
Portugal and Slovenia. The fifth and the seventh clusters have only one country with the 
highest level of nominal wages. Denmark constitutes the fifth cluster and Norway the seventh 
cluster. The remaining four countries, such as Iceland, Italy, Spain and United Kingdom form 
the sixth cluster. 
 
Figures 32 and 33 allow for some comparison of material aspects of the standard of living in 
36 selected countries. Figure 32 presents annual average gross and minimum wages in 2015 
after the conversion into purchasing power parity (PPP) considering the different living costs 
and price levels in each country. Figure 33 shows the ratio of the minimum wage to the 
average gross wage and that of the old-age pension to net income before retirement in 2015. 
(Zero minimum wages and their ratios in respective figures mean that this institute has not 
been enacted in the given countries.) The above figures indicate an economic lag in terms of 
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living standards in the Eastern European countries representing the former socialist bloc 
compared to the developed Western European countries. 
 

60 369,0 

58 714,0 

58 389,0 

50 908,0 

50 670,0 

50 167,0 

50 024,0 

47 843,0 

47 702,0 

46 074,0 

44 925,0 

41 384,0 

41 252,0 

40 909,0 

40 731,0 

39 909,0 

36 325,0 

35 780,0 

34 140,0 

33 110,0 

33 085,0 

29 794,0 

25 211,0 

25 156,1 

24 105,0 

23 998,0 

23 247,0 

22 031,0 

21 689,0 

21 564,0 

21 554,2 

20 518,0 

19 999,0 

17 989,2 

14 867,0 

12 251,8 

23 290,9 

15 080,0 

0,0 

0,0 

21 856,8 

21 715,5 

0,0 

16 536,8 

21 588,1 

17 907,6 

20 948,2 

17 125,5 

20 324,1 

0,0 

0,0 

18 827,7 

12 170,5 

14 899,2 

0,0 

13 493,1 

14 512,8 

12 509,5 

11 397,2 

10 062,4 

10 488,3 

11 254,8 

6 633,6 

8 381,9 

7 856,8 

7 807,5 

10 561,5 

7 640,2 

8 694,4 

7 195,7 

1 834,2 

6 983,5 

 0,0 10 000,0 20 000,0 30 000,0 40 000,0 50 000,0 60 000,0

Luxembourg

United States

Switzerland

Norway

Netherlands

Australia

Denmark

Canada

Belgium

Ireland

Germany

United Kingdom

France

Sweden

Finland

New Zealand

Spain

Japan

Italy

South Korea

Slovenia

Israel

Greece

Turkey

Portugal

Poland

Chile

Slovakia

Czech Republic

Estonia

Costa Rica

Latvia

Hungary

Lithuania

Mexico

Colombia

average and minimum wage

c
o

u
n

tr
y

Average wage

Minimum wage

 
Source: stats.oecd.org; own customization 

Fig. 32. Annual average gross and minimum wages – PPP-adjusted in USD of constant 2015 
prices – in selected countries in 2015. 
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Fig. 33. Ratio of minimum wage to average gross wage (in %) and net old-age pension 
divided by net income before retirement (in %) in selected countries in 2015. 
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Source: Own research 

Fig. 34. Annual growth rates (in %) of average gross wages – PPP-adjusted in USD of 
constant 2015 prices – in selected non-European countries from 2001 to 2015. 
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Fig. 35. Annual growth rates (in %) of average gross wages – PPP-adjusted in USD of 
constant 2015 prices – in selected Western European countries from 2009 to 2015. 
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Fig. 36. Annual growth rates (in %) of average gross wages – PPP-adjusted in USD of 
constant 2015 prices – in selected Eastern European countries (former socialist bloc) from 

2001 to 2015. 
 
It is obvious from Figure 32 that employees in Luxembourg earn the highest wages, the ratio 
of the minimum to the average gross wage as well as that of the old-age pension to net income 
before retirement being also relatively high. Employees in the United States reach the second 
highest standards of living in terms of the wage level, however, the ratios of the minimum to 
the average gross wage and the old-age pension to net income before retirement, respectively, 
are relatively low. Switzerland, Norway and the Netherlands show the next highest 
purchasing power parity-adjusted wage rates. In Switzerland, Norway, Denmark, Sweden, 
Finland and Italy, however, no minimum wage threshold is enacted, the first three countries in 
particular reporting very high wage levels. Employees in less developed Latin American 
states, on the other hand, receive rather poor wages, the minimum wage threshold being also 
low. 
 
Figures 34–36 present the annual growth rates6 in three groups of countries from the 
beginning of the 21st century. They provide available data on wage level developments after 
the conversion into purchasing power parity in selected countries outside of Europe (Fig. 34), 
the developed Western European countries (Fig. 35) and the former socialist countries (Fig. 
36).  

6) If y
t
 and y

t-1
 are the values of time series in t and t–1 points of time, respectively, the growth rate is defined

                     .%)(in100

1

100 




yt

yt

 
Its 2000 calculation requiring the value of the time series for 1999. That is why the values of the growth rate for 2000 are not presented here. 
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The 2008–2015 data available indicate a rather rapid wage growth in Chile, the average 
annual growth rate of PPP-adjusted wages being about 4 per cent. The same growth was 
recorded in Estonia and Latvia, the latter country reaching an average of almost 5 percent 
annual growth throughout the period. With the onset of the economic recession, the wage 
levels decreased significantly in some European countries (see Fig. 36), the yearly decline in 
average wage in Latvia, for example, being almost 10 per cent in 2009. 
 
Figure 37 provides information on the gender wage gap in chosen European countries over 
the period 2009–2015. It is apparent from the figure that the gap does not change in time 
within the individual countries. The difference between male and female wages is the largest 
in Estonia (almost 30 per cent in 2012 and 2013), the Czech Republic, Austria and Germany, 
the smallest gap being in Slovenia, where women even earned almost one per cent more on 
average than men in 2009. 
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Fig. 37. Gender wage gap (in %) in European countries from 2009 to 2015. 
 
5   Conclusion 
 
Currently, the wage level is increasing in all regions of the Czech Republic, the wages of both 
men and women growing. Having slowed down between 2010 and 2013, the annual wage 
growth has accelerated in the whole of the Czech Republic since then, the average wage 
increasing by more than 2,300 CZK in most regions. The slowest growth was recorded in 
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Moravian-Silesian and Usti regions (by 1,859 and 2,125 CZK, respectively), the fastest in the 
Central Bohemian region (by 3,260 CZK). The lowest wage level has long been reported in 
Karlovy Vary region – the average wage was a third lower than in the capital of Prague in 
2015, the difference between the two regions gradually diminishing, the greatest one having 
been in 2011. 
 
The highest and lowest wages are reported in Prague and Karlovy Vary regions, respectively, 
the average gross monthly wage amounting to 36,371 CZK in the former, compared to only 
24,119 CZK in the latter region in 2015. Residents of Central Bohemian, Pilsen and South 
Moravian regions receive relatively high wages, averaging 27,997, 27,013 and 27,051 CZK, 
respectively, in the same year. High-income regions, however, are also characterized by 
relatively wide gender wage gaps. 
 
It follows from the results of the 2015 Living Conditions Survey that net household income 
per capita increased by 4,400 CZK on average in 2014 (latest data available), compared to the 
previous year. The annual fall in income occurred only in Vysocina region, the sharpest 
increase – more than 10 per cent – in Karlovy Vary region, representing an annual growth of 
more than 14,000 CZK per person in cash. Household income in individual regions varies 
considerably, depending on local economic conditions. Best-off households are in Prague 
region, while those in the Moravian-Silesian region report the lowest net income.  
 
Looking at the map of Eastern Europe, the area of relatively low wages stretches from north 
to south. It begins in Estonia, continues through Latvia, Lithuania, Poland, the Czech 
Republic, Slovakia, Hungary, Croatia, Serbia, Romania, Bulgaria, Macedonia and ends in 
Turkey. These countries are characterized by a cheap labour force, through which they 
apparently try to lure foreign investors, much cheaper Asian economies, however, effectively 
competing with them. Labour costs are higher in all countries west of us, reaching the 
maximum (over 40 EUR per hour) in Denmark and two non EU states – Norway and 
Switzerland, high wages being symptomatic for Luxembourg and in the Paris and Stockholm 
areas.  
 
The populations of Luxembourg, the United States, Switzerland and Norway reach the highest 
material standards of living. (Remarkably, in Turkey, where the ratio of the old-age pension 
to net income before retirement reaches almost 105 per cent, pensioners receive higher 
amounts than wage earners.) 
 
Low labour costs themselves do not reduce unemployment. (In Macedonia, for instance, 
unemployment rates have long exceeded 30 per cent.) It is obvious that the competitiveness is 
affected by average labour costs only marginally. 
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