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Abstract. This work is devoted to the problem of optimal control of a linear dynamic system
with initial conditions. The main attention is paid to a controlled system reduced to the
second order differential equation considered with the cost functional which controls the input
function of this system to push a trajectory nearby a set of desired points. We show how the
technique of smoothing splines can be adapted for construction of solutions of such problem.
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1 Introduction

This work is devoted to the problem of determining control and state trajectories for a linear dynamic
system over a period of time to minimize an objective function. To solve this problem in some special
cases we use the results from the theory of splines. The obtained solutions are so called control
theoretic smoothing splines whose characteristics depend on the dynamics of the control system.

Spline functions are well known and widely used for practical approximation of functions by the in-
formation of values of function at the given points. The smoothing spline is a smooth function s in a
suitable function space that minimizes the objective functional with a weight parameter which con-
trols the smoothing. We refer the reader to [4] and references therein for the properties of smoothing
splines. From the control theory point of view, the smoothing spline model is closely related to the
finite-horizon linear quadratic optimal control problem by treating derivatives of s as a control input.
There are a lot of publications about relations between control theory and smoothing splines, which
in this context called smoothing theoretic splines. It should be mentioned also, that in the most of the
papers (see, e.g., [2],[3],[5]) about control splines the problems on splines are reduced to the problem
of control theory. The aim of this paper is otherwise to reduce the problem of control theory to the
problem of smoothing splines and to use for its analysis methods and results of the general theory of
splines. It will be done for some special cases of the following control theory problem:

=Mz +Bu, y=~'z, (1)

considered with additional initial condition z(a) = «.
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We consider system (1) as the curve z = y(t) generator. Our aim is to find a control law u € Ls|a, b|
which drives the scalar output trajectory close to a finite sequence of set points at fixed times

{(tiyz;) :i=1,2,...,n}, where a <t <ty <...<t, <b.

and minimizes the objective functional with a positive weight p:

jzu2(t)dt +p il(y(tz) — 2)* = min.

a

The main attention in this paper is paid to the special case of problem (1):

M=(_0q jp), 5:((1))7 f:<§l>’ “:(g;)‘

For this case the objective functional of the problem of optimal control could be rewritten as

b n
/ (@ () + pay (1) + g1 ()P dt + p Y _(nai(t) +72i(t) —z)° — min . (2)
i=1

z1(a)=o01,z) (a)=02
a

We also note that usually such problem has been considered without initial conditions.

2 Smoothing splines

Problem (2) corresponds to the following more general conditional minimization problem:

ITg]I* + pllAg - z|[* — min, (3)

where linear operators 7' : Wi[a,b] — Ls[a,b], A : Wila,b] — IR" and B : W[a,b] — R™
are continuous, parameter p > 0 and vectors z € IR" and a € IR™ are given. We assume that
A(W3la,b]) = R", B(Wja,b]) = IR™ and all functionals of A and B, i.e. A;, Bj,i =1,...,n,
j =1,...,m, are linearly independent and we recall the theorem (see, e.g., [1]) on the existence and
characterization of solutions of problem (3).

Theorem 1 Under the assumptions that ker’l + kerA is closed a solution of problem (3) exists.
An element s € B~Y(«) is a solution of this problem if and only if there exist vectors A € IR" and
v € IR™ such that

T"Ts = A*\+ B*vand A+ p(As —z) = 0. 4)
Under the additional assumption ker T’ N ker B = {0} this theorem gives the uniqueness of solution.
The characterization theorem implies that a solution of problem (3) is a spline from the space
S(T,(A,B)) ={s € Wjla,b]: <Ts,Tg>=0forall g € ker(A, B)},

where (A, B) consists of all functionals of A and B. Here and in the sequel <, > is the scalar product
and ker A is the kernel of operator A.
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Let us denote by P : WJa,b] — kerT a projector to the kernel of 7". By using P we rewrite the first
equation of (4) as

<Ts,Tyg >:Z)\7;Ai(g—Pg)—i—ZVij(g—Pg). (%)
i=1

J=1

For applying (5) in this paper we consider g — Pg written in an integral form which includes 7'g:

b
g(t) = (Pg)(t) + / (Tg)(r) K (t,7)dr. ©)

Now we rewrite (5) in the form

n

fb(Tg)(T)(TS)(T)dT = fb(Tg)(T)(Z NiAi(K (7)) + é viBj(K(.,7)))dr

=1

(here A(K(.,7)) means that K(-,7) is considered as the function of the first argument when the
second argument is fixed as 7) which implies

(Ts)(7) = z"jl MNA(K (7)) + fjl v, B;(K(.,7)) and

s(t) = (Ps)(t) + iil)\ifAi(K(.,T»K(t,T)dT + f:ll/j bej(K(.,T))K(t,T)dT.

Let us assume that dim(kerT) = m, kerT N kerB = {0} and g — Pg € kerB for all g. Then the
unique solution of problem (3) is

n b

s(H) = (Ps)(t) + 3\ / (K (1)Kt 7)dr ™

i=1 w

such that
Ai : .
Ais+—=z2,1=1,...,n, and B;Ps=qj, j=1,...,m. (8)
P

Let us note that vector v € IR™ (see Theorem 1) is such that

> XNAih+Y vBih =0 forall h € kerT. 9)
=1

j=1
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3 Smoothing splines in control theory

We consider problem (2) as problem (3) with

Tg=4g"+pg +qvi=u, Aig=mng(t:)+729':),i=1,...n, Big=g(a),B:g =g'(a)
In this case operators T, A and B fulfill all assumptions mentioned in the previous section. In the
sequel we obtain the view of solution of problem (2) and on this basis we describe special classes of

control splines from S (7', (A, B)) depending on the roots 7, r» of the equation r% + pr + ¢ = 0.

e Class 1 (exponential splines with polynomial coefficients): 7, = ro € IR \ {0}.

Class 2 (exponential splines): 11,75 € IR, 1 # 75.

Class 3 (polynomial-exponential splines): 1,73 € IR, 11 # 19,71 # 0,79 = 0.

Class 4 (polynomial splines): r; = 72 = 0.

Class 5 (trigonometric splines with polynomial coefficients): 1 o = £in # 0.

Class 6 (trigonometric splines with exponential-polynomial coefficients): 1y o = ¢ 7.

The remaining part of this section is organized as follows: the subsections correspond to the classes
mentioned above; we present a proof of the obtained result for the first class (Subsection 3.1) and give
results for other classes (Subsections 3.2-3.6) without proofs due to the space limitation.

3.1 Exponential splines with polynomial coefficients

We consider the case r; = ro € IR\ {0},i.e.,q >0, p> =4gand Tg = g" — 2r1g’' + r?g. The kernel
of operator T is kerT = {(C} + Cat)e™* | Cy, Cy € IR}. We use (6) with

(Pg)(t) = g(a)e = + (¢'(a) — r19(a))e I (t —a), K(t,7)=e""7(t - 1),

and obtain the following representation

n b
s(t) = (m + pa(t — @) 0 + 35N [ G0 (1 499 (= 7) + 2t = 7)9)(E = 7)4d7

=1 a

for solution s of problem (2) by using (7). Applying (8) we obtain

p1 = BiPs =1, pg = BaPs—r1B1Ps=as—ray, (10)
Ai .
s(ty))+—=z,i=1,...,n. (11)
P

The expression of 7's gives the corresponding control function u :

u(t) = (T's)(t) = Z A€ D (1 4 yarn) (G — £) 4 + et — £))). (12)
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By using the equalities (t; — 7)% = (t; — 7)* + (=1)*"}(7 — #;) and
(71 _'_ 727’1) Z )\ie"'lti + (I/l + 1/27,,1)67‘1(1 — 0’
i=1

(1/1(1 + voria + 1/2)6”“ + Z )\l((")/l + ’}/er)tierlti + ’YQGTlti) = O, (13)

=1
(two last equalities are written using (9) with h(t) = €™ and h(t) = te™" ) we rewrite s:

s(t) = (p + pa(t — a))e”(t_“) + / e”(‘”t—%)((yl + vor ) (T —a) — vy))(t — T)dT+

+Z)\ / 2D (1 4+ yor1 ) (7 = )4 — 72T — 6)5) (t — 7)dr.

The integration gives us the result:

$(t) = (i1 + pa(t — @))€ 4 T2 (ry (1 — @) (€107 4 D) o (enilemt) _ eralt-a)y)

47"1
VQ(t — a) e (a—t) 1(t—a) r1(ti—1) r1(t—t;)
L G +ZA rlt—t)( A
4 (eTl(ti*t) . erl(t*ti))<t . t@)i) 4 Z_Q(em(tﬁt) _ eT‘l(t*ti))(t _ ti>+)- (14)
™

The following proposition is proved.

Proposition 1 In the case r; = ro € IR\ {0} the unique solution of problem (2) is exponential
spline (14) which polynomial coefficients fulfill conditions (10), (11), (13). The corresponding control
function u is given by (12).

3.2 Exponential splines

In the case 11,75 € IR, 11 # 19,71 # 0,79 # O weuse T'g = ¢" — (11 + 12)g’ + r17r2g. The kernel of
this operator is kerT = {Cye™" + Cye™' | C1,Cy € R}.

By analogy with the previous case we obtain the solution s of problem (2) in the following form:

s(t) =

- +
2
rE— 7Ty T — T 2(rf —r3) 1 T2

Qg — (X179 67"1(75—(1) _ 9 — (11 67”2(t_(1) n 1 ((Vl — I/27"1>€r1(t_a) (V1 — V27“2)€T2(t_a)
I Z /\i(ﬂemt—m 1 72<6'r1(ti—t)+ _ erl(t—ti)Jr) _ N malt—ti] _ %(em(ti—t” _ erg(t—ti)+)))’ (15)

r r
i=1 1 2

where coefficients v and v, are expressed using the following system:

(’}/1 + ")/27’1) Z )\ierlti + (V1 + V27”1)6T1a = 0, ('}/1 + ")/27"2> Z )\ie”ti + (1/1 + 1/27’2)€T2a =0. (16)

i=1 i=1
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Proposition 2 In the case 1,79 € IR, 1 # 19,71 # 0,79 # 0 the unique solution of problem (2)
is exponential spline (15) which coefficients fulfill conditions (11), (16). The corresponding control
function u is given by

Nt — )0

u(t) _ 2 : ( )+ (,yl(rl(ti—t)_erg(ti—t)) + ’yg(Tlerl(ti_t) o /r=2€7‘2(ti_t))). (17)
- ™ =T
1=1

3.3 Polynomial-exponential splines

Now we consider the case when one of the roots 71, 7, € IR is equal to zero. The following result can
be obtained by minimal changes of the previous proof.

Proposition 3 In the case 11,175 € IR, 11 # 19,71 # 0,79 = 0 the unique solution of problem (2) is
polynomial-exponential spline

s(t) = 22en =) 4oy — 92 4 (1 — vpry)em 7Y — (v 4 vpry ) ) 4 2wy — 2ry0 (E— a)+
1

n

30 Nl — 1)L (r(t — t) = B 4 P ent) gy
i=1

which coefficients fulfill (11) and the following system
(7 4+ y2r) Do e+ (v pr)e =0, Y A+ =0,
i=1 =1

The corresponding control function u is given by (17).

3.4 Cubic splines

In the case 1y = 15 = 0,i.e., p = ¢ = 0, we use T'g = ¢”. This case corresponds to the classical
smoothing problem in the theory of splines according to which a solution of (2) without additional
conditions is a cubic spline. Taking into account the initial conditions and Theorem 1 we get the
solution s of problem (2) and the corresponding control function wu:

s(t) = an +anlt —a) + 2 (t—a)} — B(t— )l + S At - 1)}, ult) = s"(0),

=1
with the coefficients which fulfill the conditions (11) and v4 + > A\, =0, wytg+ra+ >, Aty = 0.

i=1 i=1

3.5 Trigonometric splines with polynomial coefficients

Now we consider the case when 7, = £in # 0,ie.,p =0, ¢ > 0, n = ,/q. It means that we take
Tg = ¢" + qg. The kernel of this operator is kerT = {Cicosnt + Cysinnt | C1,Cy € IR}.

Proposition 4 In the case 11 5 = £n # 0 the unique solution of problem (2) is trigonometric spline

s(t) = aqcos (n(t —a)) + %sin (n(t —a)) + ;—7713(17(75 —a)cos (n(t —a)) — sin (n(t — a)))+
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n

22— a)sin (n(t—a)+ & 32 A(Zsin (n(t —t) 1) — 4= (rcos (5(t — 1)) +y2nsin (n(t —£,)))

i=1

3

which polynomial coefficients fulfill (11) and

M:

Ai(y1sin (nt;) + yancos (nt;)) + visin (na) + vancos (na) = 0,
1

-.
Il

M§

Ai(y1cos (nt;) — yansin (nt;)) + vicos (na) — vansin (na) = 0.
1

.
I

The corresponding control function w is given by
n

u(t) = ; Ai(Lsinn(t; — t)4 +72(ti — t)icosn(t; — 1)).

3.6 Trigonometric splines with exponential-polynomial coefficients
In this section we consider the case 715 = ¢ & in,i.e., p* — 4q < 0, # 0,1 # 0. We use operator
Tg=g" —2(g + (¢* +n?)g with the kernel kerT = {C1etcosnt + Cyeltsinnt | Cy, Cy € IR}.

Proposition 5 In the case r1 5 = ( £ in,( # 0,1 # 0 the unique solution of problem (2) is trigono-
metric spline

5(t) = a1 Deos (n(t—a))—l—z—gleqt*“)sin (t—a))+ E (St —eCli=ta)y
n
nn ; C(ti—1) Ct—ti)) of gis 1 ¢(a—t)
X cosn(t —t;) +yvasinn(t —t;)) + (e +e sinn(t —t; + e
(Cg 7 n( )+ n( )+ ( ) n( )Cg 2 477<<
((t—a) vin ; ¢(a—t) C(t—a)y o; %
e cosn(t —a)+ vysinn(t —a)) + (e +e smn(t —a .

which exponential-polynomial coefficients fulfill (11) and
Z ;€S (1 + 7o) sinnt; + yancos nt;) + e$%((v1 + va)sinna + vancos na) = 0,
=1

Z i€t (1 + 720)cos nt; — yansinnt;) + e4((vy + al)cosna — vansinna) = 0.

The corresponding control function u is given by

n

Nt =) s .
u(t) = Z %eq“ D((y1 4+ 720)sinn(t; — t) + yancos n(t; —t)).
i—1
4 Numerical example

We consider the problem (2) with v3 = 1, 75 =0, a1 = 1, ap = 1, p = =3, ¢ = 2, i.e.,
ry = 1,79 = 2, and desired points: (0.1; 1), (0.3;7), (0.4; 2), (0.6;11), (0.7;9). We solve this problem
on [0 : 0.7] with three different values of p: p; = 1000, po = 7000 and p3 = 30000.

In this case the unique solution of (2) is the exponential spline (15) with coefficients from Tab.1. We
note that s(t;) — z; = \;/p,i=1,...,n

The graphs of s for p; (dash dot line), p, (dash long line) and p» (solid line) are shown in Figure 1
(a), the graphs of the corresponding control function v are given in Figure 1 (b).

20



AM/p | Xafp | Ns/p | M/ | Xs/p 2! Vs
p1 | —0.859 | 2.696 | —3.203 | 2.244 | —1.063 | 155.34 | —16.64
p2 | —0.772 1 1.926 | —2.215 | 1.359 | —0.602 | 2064.43 | —7.35
ps | —0.408 | 0.911 | —1.006 | 0.578 | —0.251 | 5181.63 12.86
Tab. 1. Coefficients of the solution.
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Fig. 1. Graphs of solution.
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